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FOREWORD 


This report, “ Existence Theorems in Partial Differential 
Equations” has been prepared for the Office of Naval Research by 
Engineering Research Associates, Inc., under Contract N6onr-240. 

Work under this contract included an analysis of information con¬ 
cerning problems involving extensive computations, particularly in 
connection with military research, in order to determine optimum 
formulation of problems for solution by computing machines. This 
list of.existence theorems has been compiled to assist those branches 
of the military which are faced with computational problems involvji^ 
partial differential equations. 

- Dr. C. B. Tompkins was in charge of the woik under the 
contract and arranged with Professor Dorotly L. Bernstein of the 
University of Rochester for the preparation of this report. 


H. T, Engstrom 
Vice President 


27 June 1950 




PREFACE 


I asked Dr. Bernstein to collect this set of existence theorems 
during the parlous times just after the war when it was apparent to a 
large and vociferous set of engineers that the electronic digital calcu¬ 
lating machines they were then developing would replace all mathematicians 
and, indeed, all thinkers except the engineers building more machines. 

At that time many Navy activities faced problems of great compu¬ 
tational extent, and they naturally examined the power of these machines to 
solve their problems. The Office of Naval Research had an obligation to ad¬ 
vise these activities, and I had an obligation to advise the Office of Naval 
Research under the terms of contract N6 onr-240 between the Office of Naval 
Research and Engineering Research Associates, Incorporated. In effect, much 
of my advice was directly to the activities desiring the equipment. 

My task was frequently one of pointing out that the machines will 
not run themselves. However, I tried to make this advice as constructive as 
possible, and to do this I frequently tried to estimate the size of machine 
i^hich, if produced, might be useful in the outstanding problems presented. 
This, in turn, demanded that we assume a method of solution. 

Many of the problems were problems involving partial differential 
equations. The solution, in many cases, was to be brought about (according 
to the vociferous engineers) by: 

(1) buying a machine; 

(2) replacing the differential equation by a similar difference 
equation with a fine but otherwise arbitrary grid; 

(3) closing the eyes, mumbling something about truncation 
error and round off error; and 

(4) pressing the button to start’ the machine. 

One of the simplest problems and one of the Jbest known in which 
this procedure requires either luck, prayer or further thought is an equa¬ 
tion for heat flow: 

= 0<t, 0<x£l, 

9t 9x* ' 

with initial and boundary conditions: 

u(0,x) “ f(x), 

u(t,0) * go(t), 

u{t,l) * gi(t). 

The straightforward difference equation procedure is known to 
work well on this problem if the grid is properly dcsen; however, that 
arbitrary fineness of the grid does not suffice has long been known. 

Shortly and verbally, the differential equation defines the following 
effect: for two adjacent values of t the convexity or the concavity 
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of u, considered as a function of x for these values of t, is decreased 
during the passage from the earlier t to the later. The rate of flat¬ 
tening depends continuously on the convexity. However, for the obvious 
difference equation treatment, the flattening for a whole t-step depends 
on the convexity at the beginning, and unless the t-step is short a con¬ 
vexity may be flattened and the modifiraticn continued until a sharp 
concavity is introduced. The length of the t-step required to do this 
depends on the square of the length of the x-step, so that an arbitraly 
refinement of the grid may lead from a good approximate solution to a 
bad one. 


Since these elementary facts seemed to be surprisingly gener¬ 
ally unknown, and since neither time nor energy noi budget nor knowledge 
perriiilted n.e to give to each of t hi' Navy*s partial di f lerent i i 1 equations 
the attention that would be required to apply most of the knowledge al¬ 
ready published, this list of existence theorems collected with an eye 
to computing was obviously desirable to present to the proprietors of 
problems involving partial differential equations. 

In the compilation, Professor Bernstein guided herself by con¬ 
sidering the possibility of application to calculation; however, she did 
not limit herself to theorems that had been proved to be reliable for use 
on digital computers. This consideration led straightforwardly to the 
consti licti vc existence theorem.^ contained in the literature whic)' it 
reasonably easily available. They have been o^^^^^hled with judgment and 
analysis; in particular Professor Bernstein believes that lie listed 
tleoiems have been correctly proved and that they may be api'lic>J>le or 
there is some consideiable ]irobability that they can be modified so as 
to be applicable to numerical methods of ca1cu1 ation. 

I have been some^.hai disrespectful to the optimists. Now, let 
me warn against extravagant or harmful pessimism. The classical mathema¬ 
tical approach to the study of difrerintJul equations is one of proving 
that a problem has at least one solution, and sometimes of proving unique¬ 
ness. There are many times when either an applied matitemat i c ian or a pure 
mather>atician may well seek a numerical solution even though he is not 
certain it is obtainable in the manner chosen (or at all); the purpose may 
be the application or it may be one of experimental arithmetic - a calcu¬ 
lation which it is hoped will help in an effort tc guess a correct state¬ 
ment of a proposition which may later be proved. If he believes that there 
is a considerable positive probability of success end if he can tell whether 
his final result ifc an adequate approxinution to a solution, there may be no 
reason for him to demand a firm proof; however, he is obviously foolish if 
he does not make use of any published material relevant to his probJerr. The 
purpose of this collection is to make this relevant material easily avail¬ 
able in outline form. 

The mission outlined above was not a routine one of copying 
theorems. The material was drawn fi c-n many sources, and not all authors 
were uniform or careful in defining the problems they attacked. Dr. 
Bernstein tried to furnish this uniformity by stating what is meant by a 
solution and by a concise formulation of the various boundary problems 
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encountered. She clarified the hypotheses under which solutions are 
established, and she carefully defined the regions in which the solu¬ 
tions are valid. She formulated the lemmas connecting various prob¬ 
lems and indicated transformations which permit the application of 
the solution of a given problem to solve related problems. Finally, 
she included a few definitions which should add greatly to the con¬ 
venience of most users by eliminating the need for reference to other 
works. 


I believe that these theorems will also have utility to many 
otheis. In past years I have spent much tine looking for theorems, 
easily found in this collection, in connection with problems in differ¬ 
ential geometry ixid the calculus of vaiiations. With the idea that this 
utility might even dominate the utility to computers, 1 suggested that 
the collection might be a valuable addition to the Annals of Mathematics 
Studies. 


C. Tompkins 
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I Introduction 


1. The existence of solutions of partial differential equations is a subject 
which has engaged the attention of many mathematicians for over a century. 

During that time the concept of a “ solution*' and the concept of an “ existence 
theorem" have undergone several modifications. In this chapter, the sense in 
which these terms are used in this report will be described, and the basis of 
the classification us(‘d for the comprehensive literature which has grown up on 
the subject will be explained. In addition, certain theorems from t!»e theory 
of implicit functions and the theory of ordinary differential equations will 
be stated; they will be needed in later chapters. Geometric terminology is 
convenient and traditional in discussing certain problems in partial differ¬ 
ential equations; since ambuiguity has sometimes resulted when this terminology 
was not used in the same sense by different authors, certain simple geometric 
and topologicnl terms will be defined in this chapter, although no attempt has 
been made to make this an all-inclusive list of such terms. 

The n-diniensional Euclidean space is the space of all points P, 
where P is an n-tuple of real numbers (xi ,X 2 , ... ,x^^) . Two points P and P, with 
co-ordinates (Xi , xq , . . . ,Xj^) and (Xi , X 2 , .. . , Xj^) respectively coincide if, for all 
i, X£ = X£. The distance between P and P is the non-negative number /o(P,P) *= 

. For a given e > 0, the e-neighborhood of P is the set of all points 
P such that |x^-X£|<€ for all i. (One could give a neighborhood definition in 
terms of p(P,P)<e; it is essentially equivalent to the one given above.) A set M 
in n-dimensiona 1 space Ej^ has a limit point L if every €-neighborhood of L contains 
a point of M different from L. A set M is closed if it contains all its limit 
points. A set M is open i I' for every point P in M there is an 6-neighborhood of 
P containing only points of M. The line-segment joining P and P is the set of all 
points Q (yi ,y 2 » • • lyji)» where y^ = X£+(x^-x^) t, for 0 £ t £ 1. An open set R such 
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that any two points of it can be joined by a finite number of line-segments 
lying in R is called a region. Such sets wil^l often be used in what follows; 
occasionally a ** closed region" will be considered; this is a set R consist- 
in^g <ri a region R and all its limit points. 

2. If to every point P of a set M there is assigned a unique real number y, 

then the set of all such points (xi,X 2 »•••»x^,y) is called a function f with 

domain M; the value of y corresponding to a particular P is denoted by 

f(xi,X 2 ,...Ix^), or sometimes by f(P). (Thus a real valued function with 

domain in is a set in Let P^ be a limit point of the domain M of f, 

and let be a deleted neighborhood of P^ - that is, a set of points P such 

that 0< I x£-xI<S, for all i. Let DgM denote the points common to both and 

M. Then L * ^po or L * lim f (xi ,X 2 , ...,x^^), if for every €>0, there 

exists a S>0 such that for all points P lying in D^M, | f(P) - L|<6. If f is 

defined at P®, and ^po “ f(P°), then f is continuous at P®. If f is 

continuous at every point of a set M, then f is continuous in M. 

Besides the limits defined above, one has to deal, when n>l, with 

** iterated limits" in certain directions. For example, one could assign fixed 

values X 2 ,...,x^ and consider the function F of the single variable xi defined 

by: F(xi) f (xi , X 2 ,.. . , x^). If lim F(xi) exists, one can write this 

lim f(xi , X 2 I•••I x^) . A similar defii ition would hold for lim _ f(xf ,X2,..., x^) i 
Xi-*xr X2-X? " 

..., lim f(xi,X 2 ,...,X-). From this, one can define successively, 

X “•x" " 

n *n 

lim ^ lim _ f(xi,X 2 ,...,x„), ... and finally the " iterated limit" lim _ lim 
x*-x? Xi-X? “ 

... lim ^ f(xi ,X 2 ,.. ., Xj^). When f(P) exists, as defined in the previous para¬ 

graph, the n! iterated limits all exist and have the same value, but the converse 
is not true. 

When f is a function of a single variable x, lim f(x-^ h) -f(x) , when it 

S-o ^ h 

exists, is called the derivative of f at x and is denoted by f^(x). If‘the deriva¬ 
tive exists for all x in a certain set, this defines a new function which will also 
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called the deriyative of f. When £ is a function of several variables, the 
l^rtial derivative of f with respect to xi at P will be 

^^xi^h,X 2 » .» », * f (xi ,X 2 , .«», exists. (Defining F as in the 

. h 

last paragraph, this is just F'(xi).) It is denoted by f,^^ (xi , X 2 , . . . , x^) , a 
convenient notation for indicating partial derivatives at particular points. If 
this partial derivative exists for all x in a certain set, the function thus de- 
defined will be denoted by ^ or f . A similar definition holds for partial 
derivatives with respect to any x^. Higher derivatives are defined in the usual 
manner, by taking derivatives of derivatives. 

f(xi,...x^) is said to be of class in a region R if f and all its 

first partial derivatives are continuous in R. Similarly, f is said to be of 
class A® in R if f and all its partial derivatives up to and including those 
of order m are continuous in R. Since the existence and boundedness of all 
partials of first order in R insure the continuity of a function f, a suffi¬ 
cient condition that f be of class A® in a closed region R is that all deriv¬ 
atives of order (m+1) exist and be bounded in R. Furthermore, for a function of 
class A®, mixed partials such as ^^ 1 X 2 ^X 2 Xi equal; hence, the order of 

differentiation is immaterial, so we shall use f„ 0Li,,,xJ^n (xi,...x_) to denote 

f ‘ 

the partial derivati\i:: ^ where 0 < ^®* Finally, if f 

Bxi“^ .. .Bxjj n 

can be expanded in an absolutely convergent power series: 


(2.1) ^ .Q Vi..y9„ (xi-XiO)^i (x2-X20)^?.(x^-x„o)^n 


for all (xi,...Xjj) in N, the region defined by the inequalities lx£-X£°| < 6^ 
(i=l,..,n) where 6^ > 0, then we say that f is of class A°° in N. will have 

continuous derivatives of all orders in N; indeed 
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3. Given m functions of n variables, f^, each of class A in a closed region 
B, if there exists a function F(yi ,72 ,.. • lYg,) which is of class in the 
entire E^space, does not vanish in any subregion, and is such that 

(3.1) F(fi{P). f 2 (P).....f„(P))= 0 in R 

then the m functions are said to be functionally dependent in R. If m func¬ 
tions of n variables are functionally dependent in every closed bounded sub- 
region of a given region R, then the functions are said to be functionally 
dependent in R. Functions which are not functionally dependent are said to 
be independent. 

Let f^(xi ,X 2 ,... ,Xjj) (i = 1.2.m) be of class A^ in a region 

R. If ni>n, these m functions are always functionally dependent. If inln, a 
necessary and sufficient condition that they be dependent in R is that the 
rank of the ** functional matrix*' 

(3.2) A = I I ^ I L X n 

j 

be r < m. (That is, r is the largest number k for which there is a deter¬ 
minant of A which is of order k and does not vanish identically in R.) In 
particular, if m^^n, functional dependence can occur if and only if the 
Jacobian 

(3.3) 3(fi =■ I 111 I 
3(xi,...x„) 

vanishes identically in R. (See Kamke^, pp. 302-311 for proofs.) 

Given n functions fj^, each with domain R, to every point P(xi, X 2 ,... ,x^) 
of R there corresponds a point Qlyi*72»•••» where 

(3.4) y£ • fj(xi ,X 2 ,...,x„) 

If the functions are independent in R, then the set of points Q form a region S, 
such that to every point of S there corresponds exactly one point P of R, given 
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by (3,4). We say that (3.4) defines a one-to-one transformation of the 
rofcion R onto tlit* region S. The functions gi(yi »y 2 ,. .., y^), with domain 
S, defined by saying 

(3,5)* X£ = g£(yi ..y^^) 

provided (3.4) holds, are of class A in S, and define a one-to-one trans¬ 
formation of the region S onto the region R, which is called the inverse 
of the first trans'’ormation. The following identities are valid, in R or 
S: 


Yi “ 8a(yi.yn).---.gn(yi.---.yn)] 

(3.6) X£ = gj [fi (xi ,... ,x„), £ 2 (xi .x„), .,. ,f„(xi.x„)] 

‘ - ] .si 

B(xi,...,x^) 3(yi.y^) yi=f£(P) 

[3(gl_^J_^J_gjj2_] . . -^(fi , • •., f„) j E J 

3(yi.Yp) ^(xi.-..,x„) X£*g£(A) 

Let f^ be of class in R, and let (3.4) map R onto a region S; 
let h^ be functions of class A^ in S. Then if we set 


(3.7) 


Gi(xi.x„) = h^[fi (xi, ... ,x^).f„(xi , .. .x^)] 


the functiins thus defintt! are of class A in R and 


(3.8) 


3(Gi, 


G ) ^ .3( ft,... , f^) . ^ .^n 

—H— .J L_ . .J 


3(xi.x„) 3(xi....,x„) 3(yi....,y„) yi=fi(P) 


When n = 1, these results con be stated as follows: Lei f(x) be a function 
of class A^ in an open interval R: a < x ^ b, and let f^(x) / 0 in R, Then 
the set of points y such that 


(3.9) y = f(x) for x in R 

form an open interval S: c < y < d (where c lim^ f(x),and d = lim^ f(x), 

x-a x-^b 

if f^ (x) > 0, but c = lim f(x) and d = lim^ f(x) if f^ (x) < 0 ), Ihere is 

x-b’ x-*a 
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a function g(y) of class in S defined by setting: 

(3.10) X = g(y) 

whenever (3.9) holds. The function g is called the inverse of the function 
f. The following identities are valid, in R or S: 

(3.11) X ■ g(f(x)) ; y ■ f(g(y)) ; f'(x) ■ g'(f(x)) : g'(y) "f'(g(y)) 

In a great many kinds of problems leading to partial differential 
equations, one of the independent variables is singled out for special atten¬ 
tion; it may be a time-coordinate, as opposed to several space coordinates, or 
it may be a variable for which an implicit relation is to be solved explicitly. 

For that reason, we shall take the number of independent variables in a general 
case as n + 1, denoting the variables by (x,yi ,... ,yj^). The simplest case of 
two independent variables (x,y) will be given special consideration; often a 
proof is easier to read when we take only two independent variables, and the 
statement and proof are easily generalized to higher dimensions. Such gener¬ 
alizations are not always possible, as we shall see. 

The fundamental implicit theorem referred to above will be applied 

several times in what follows; it can be stated thus: let F(x,yi.y^^) be 

of class in a region S containing the point (x® .yi® , ... , y^^®); let 
F(x°,yiO,.,.,yj^o) = 0 and F^^ Cx^ ,yiO,... ,yi^o) / 0. Then there is an interval 
L: xi<xlx 2 , containing x^, and a region R containing (yi°, ... ,yj^®) in its in¬ 
terior such that for every (yii.-.y^^ the equation 

F(x,yi. y^) = 0 

is satisfied by exactly one x in L. That is, there exists a function f(yi i... ,yj^) 
with domain R and range L, such that 

(3.12) F(f(yi.y^j), yi,...,y^) ® 0 in R 
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and such that xo = ^»•••»Yn®)• Furthermore, f is of class Ai in R, and 

its derivatives are given by the formulas: 

fy. (yi,...y„) = - *^yi^fW i. -...yn). yi.y^) 

^ . Fjj (f(yi.y„), ..y„) 

(the denominator does not vanish in L x R = Si £82 ). 

The proof of this theorem is given in standard books of functions of 
real variables; it is a constructive proof and may be used for the determination 
of f by computation. When F is given as the limit of a sequence of functions of 
class A, Germay gave a proof which enables one to determine f by successive 
approximations. Other theorems on implicit functions relating to the simultan¬ 
eous solution of several equations can also be found in standard real variable 
texts. The solution of (3.4) and (3.9), it should be noted, are special cases 
of implicit function theorems. 

4. By a curve C in Ej|+i is meant a set of points (x, yi ,y 2 , ... ,yj^) such that 

(4.1) X = Fi(n),..., y^ = F^(n) (n e M) 

where M is the open interval a'^li'^b, and all the functions F^ are continuous in 
M. If all F^ are of class A^in M, and if they do not vanish simultaneously at 

any point of M, then C is said to be a regular curve. 

If ^^(x) (i ' l,2,...,n) are functions of class A , for x in an open 
interval M, the set of points (x, vj , y 2 , . .. , yj^) such that 

(4.2) yi = <^i(x), ys = <^^(x).y^ = ® 

form a regular curve in this is easily seen upon setting 

(4.3) Fo(u) = H ; F^(^Jl) (i = 1,2,...,n) , 

for all the functions F^ are of class A^ in M, and Fo (u) = 1. However the set 

of points (yi ,y 2 , .. . I Yn^ given by (4.2) do not form a regular curve in unless 

one adds the condition that ^[0^ (x)]^ 0 for all x in M. 
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Given a curvt C, in its ** parametric representation” (4.1), where 
art- all of class in M, and (ii) / 0 every\ihe)i> in M, one can solve 
the equation x * Fo(li) for \i - s(x) by the methods of the preceding section. 
Setting 

(4,4) ^i^*^ “ ^i (s^x)) (i ■ l,...,n) 

the points of C are given by (4.2) and all the functions (f :are of class A 
in M\ the x-interval equivalent to the -interval N*. If any other 
F^ (li) ^ 0 in M, a change of subsiii|ts would lead to a repi rsentation of 
essentially the same character as (4.2). However, if one knows merely that 
the curve C, given by (4.1) is regular, one can only say that ii the neigh¬ 
borhood of each point of M, sorne representation of the forii (4.2) or 

(4.5) X = 00 (y^), yj = 00 (y^) [j ^ i] 
is valid, but not that the same representation will hold throughout M. 

Thus for plane curves, one may find any of the three representa1ions: 

X = F(m-) , y = G(^i) ; 

y = f(x) 

X = g(y) 

where all funclicns involved are of class A^ , The first two equivalent pro¬ 

vided F^(^) ^ 0; the first and last are equivalent provided C'(ii) / 0; the last 
two are equivalent provided f^(x) / 0 or g^(y) ^ 0. 

5. The solution of partial differential equations eften involves the solution 
of ordinary differential equations; a brief summary is given here of basir 
theorems for systems of first order equations. The presentation follows that 
of E. Kamke^ Chapter (IV). Among the many excellent references on the subject 
of ordinaly differential equations, Kamke^ is recommended as presenting existence 
theorem^, in a concise manner which can be readily compared with corresponding 
theorems on partial differential equations. Chapter II of Kamke^ gives theorems 
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for a single first order equation and Chapter VII for a single nth order 
equati(n. 

Let f(x,yi, ., . be defined and continuous in a region S. If 
tltre exists functions (x), ... x) of class (\fcith continuous deri¬ 
vatives 0^'(x)), if all X f L, and if 

(a) (y ,(^i (x), ... ,0j^(x)) € S for x e L 

(b) ^ lMx,0i (x),... ,(^j^(x)) 
then we say that 

(5.1) y£ = </'£(x) (i=l,...,n) 

form a solutiorit or an of the system of equnticns: 

(5.2) y^' = f^(x,yi .... .y^^). 

The (X151 1 nee theorems which at.‘tit the existence of £.re 

solutions of (5.2) and are such that: for a given s<*i of numbers (xoyi ^,.. ., Yp®) 

(5.3) 0^(xo) = yj° 

If we consider (5.1) ?s defining a curve in (x.yi,.. .y^) space, we call it an 
inlej^ial curve and then (5.3) nenns that the integral curve is through the 

point (xc ,>/ .... ). 

THEOFIEM 5.1: lei fMx,yi ,. .. ,y^) be rt.nlinvons in 
So: |x-xo|<a, |yi-yi’ 

where (xo , yi ^ , . . . , y^^ ) an*' a end b are give)* ««rstants. Let 
|f^(x,yi.y„)| lA in So 

(5.4) I f^(x,yi,... ,y„)-fMx,yi,... ,y„) I 5 M lyk'^k] in So 

(Condition 5.4 is called a Lipschitz conditicn.) ® “ I'li** (a, jj). Then 

there exists a unique solution (5.1) of the system (5.2) satisfying (5.3) in 
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L: |x-xol ^0^. Indeed, 

(5.5) 0i(x) - ^lim^0i;^(x) 

where 

Vio(x) » Yi” 


(5.6)7 

• yi°+/xo X-l (\»1,2,3..) 

and the convergence is uniform in L. 


Proof: (Picard*s method of successive approximation) (Kamke , pp. 124-126) 
Defining the sequences {<pj^^(x)} as in (5*6), they are shown to be succes¬ 
sively continuous in L and such that l0£^(x)-y£°l ^b when xeL and 
0i^(xo) * y^^ I so that (x,<pi^(x),.., ) eSo and hence we can find 

f^ at such a point. Then by using the inequality: 


and by the comparison test, the convergence of ^^^***qq “ 

00 

X-1^ established, lUd shown to be uniform in L, Defining 
0j^(x) as in (5.5), i t is shown to possess the desired properties. 
Uniqueness is established in a later iheorern - see p. 141 of Kamke^ • 


(X)BOLLARY: The theorem is valid if f^ is of class in So, and indeed if 

f^ is continuous and each f^ (i,k* l,...,n) is continuous in So. 

'k 


THEOREM 5.2: Let f^(x,yi,...,y^) be continuous and bounded in: 

Si: xo < X < xo + a; -«> < yj^ R +<» (k-l,...,n). 

Then to every set of values (yi°.... ,yj|°) there corresponds an integral curve 
(5.1) of (5.2) in Si, passing through (xoiyi°,....y^^). 
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Proo/; (Kanike^ , pp. 126-128 Due to Peano.) 

OOROLLARY: Let F^(x,yi, .. . ,be continuous in: 

S 2 : Ix-xol < a, lyi-yi°l lyn-Yn^l 

If I f^ 1 5. A in S 2 , set. ot = min (a, jj). Then there exists, in L: |x-xol £ 
an integral curve (5.1) of (5.2) through (xo,yi°,...,y^°). 

Let f^(X,yi,...,y^) be continuous and bounded in an open region G. 

Then through every point of G there passes at least one integral curve (5.1) 
of (5.2), and each 4>j^[x) is of class A in G, Furthermore this curve can be 
extended up to the boundary of G in both directions: (See Kamke^ , p, 135) 

THEOREM 5.3; Let f^(x,yi , .. , .y^^) be of class A°° in S 2 ; define CL - min (a,jj) 
where, if f^ : 2! )^... (yjj-y,^°) A is defined by: 

I |^,A. < \ (i=l.n). 

Then there exists a unique solution (5.1) of (5.2), such that 0j(x) are of 
class A°^ in L: |x-xo| £ CL. That is, 

0.(x) * ^ c —(x-xo)j (i=l,...,p) 

U J 

where these series converge absolutely foi xSL. 

Proof: Kamkc^, pp. 132. It depends on method of majorants which is important, 

but is omitted here since it will be given in Section 9. 

If f^(x,yi.y„) and all f^ are continuous in an open region G 

Vk 

then through every point of G theic'passes an integial curve y^ = <^i(x) of the 
system (5.2). If we find the solution corresponding to each point (S ,lli, . . . ,1^^) 
of G, the solution depends upon the coordinates of this point as parameters - we 
can therefore write it as: 

Yi " 


(5.7) 




(i=l,...,n) 
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That is, going back to (a) and (b) on page 9, for each *... eG, and 

for each xeL, (the projection of G on the x-axis), 

[x. $'(x,£.%), .n„) eG 

and 

(5.8) i j (x.Si.ni.rijj) ■ fi [x, .. 

" (x.fi.Tii.n„)]. 

Now considering the functions $ ^(x,S f... as fvnotions of n + 2 

variables defined in the region Gi ” G ^ L, we call then, charc.cteristic funciictis 
of the system: 

(5.2) / - fMx.yi.....y^) 

and they have the following basic properties: 

THEOREM 5.4: Let f^(x,y ,...,y,,) and all f be continuous in G. Then the 

yk 

functions $ ^(x,5,t^i ,... defined in (5.5) are of class in Gi (i.e., have 
continuous partial derivatives in all arguments), and at each point of Gi satisfy 
the identity: 

^ • a $ ^ » 0 (i=l.n) 

That is, 

(5.9) $ I (x.fi.Tii.r^) 

+ Jjf'‘(fi.ni.n„) • $ (x.^.ni.n„) “ o. 

Furthermore the Jacobian 

J = . $") . 1^1 has the value: 

'd(r\i.n„) 

J = exp [J'g (t,<#>i(t,T)i,. 1. ,T\h).<#>„(...)) dt] 

Proof: See Kamke , pp. 155-161. The theorem is due to Bendixon and Lindelof. 
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When the right-hand members of (5.2) do not involve x, the system is: 
(5.]0) y' = f^(yi,...y„) (i=l,...,n) 

The characteristJr functions tlen assume a special form; if we set 

then 

^'’•(x.fi.Tli.Tin) ° 'T’‘(x-fi,r„,..,nn) 

^ 2 

Furtliermoie, if > 0, one cen Me equations 

. .T\^) to get y\^ = 0M£-x,yi , .. .Yjj). (i”l,a..n) 


[One often finds differential systettifc 

(5.11) ib = Ayi = ... = 

Fo Ft 

A special cf>sc' of this would be: 



in tlie literature in the forni: 
(Fj * Fj(x,yi,...yn) 


(5.12) 


e 


(Fi®F-(x,yi,...yn)) 


which can be considered equivalent to (5.2). That is, given f^(x,yi,...,y^^), 
by a solution of (5.12) one would menr. piecisely a solution of (5.2), If 
Fo,Fi, . .. ,Fjj are given, and if for some i, F^ / 0 at every point of S, then by 
changing the notation, it can be taken as Fo; setting f^ = k , (5.11) would be 
equivalent to (5.12) and hence to (5.2). But if no F^ = 0 at every point of S, 
even though ^F^ > 0 in S, then the meaning of a solution of (5.33) in the large 
becomes less clear, particularly with reference to the properties of character¬ 
istic functions. What is usually meant by (5.31) is covered by (5.10) in one 
higher dirnension, and hence we shall use (5.2) and (5.10) rather than (5.11) and 
(5.12).] 

6. Let F(x,y,z,p,q) be a function of 5 variables ii a region S: if there exists 
a function <f>(x,y) of class in a region R such that for all (x,y) eR, 
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(x,y, <^(x,y), 0^(x,y), (^y(x,y)) eS and 

(6.1) F(x,y, <^(x,y), 4>^(x,y)) * 0 

we say that z ■ </'(x,y) is a solution of the differential equation 

(6.2) F(x.y.*. ) = 0. 

[Note the distinction: p is one of the variables for ahich F is defined;<^^(x,y) 
is a partial derivative of (P whicl nay be substituted for p in the expression 
for F] . 

We call (6.2) a first order equation in two independent variables and one un¬ 
known function. 

Similarly, if F(x, yi ,...,y^^, z, p,qi, q 2 , ..., is a function of 2n+3 
variables in a region S, and if there exists a function (p of class in a region 
R of Ejj+i such that for every Q: (x,yi,..., y^^) in R, 

(6.3) [x,yi,.. .,yj^, (p(Q) ,<P^iQ)» (Q),..., ^ S and 


F(x.yi.y„, 0(0), 0^(0). 0y,(O).^ 

then we say that z ” (x,yi,...,y^) is a solution of the differentia] equation 
of first order: 


(6.4) 



One could also consider a system of differential equations of first 
order. If F^(x, yi ,... , y^, zi,..., z^., pi,..., Pj., qii,.. . .q^j^, ... ,qr^), (i=l...p) 

are p functions of rn'*'2r'*'n'*’l variables defined in a region S, and if there is a 
set of functions 0^(x,y ,...,y ) defined for all Q: (x, yi ,..., y^^) in a region R 
such that 

Cx.yi.... ,y„.0' (0). <f>HQ) .<t>' ^(0)... .0J(Q) (Q).....] eS; 

FMx.y,.y^>'(Q).<^'(0) ,<^;(0).<^J(0) (Q).«^J^(Q)....] ■ 0 

(i“l...p) 
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then we say that = <^^(x,yi,ys,...,y^) (i = is 8 solution of the 

system of cli f ferent i fi ] equations: 


(6.5) 


FM 


x.yi, 


> Zi 



Usually p ” r, but this need net be so. 


In a similar manniM one defines a solution of a single equation of 


mth order: 


(6-6) F(x,yi.y„.z. . g"°.'>7.„ .) = 0 

do Cl 1 Cl 

ax °dyi ...ay " 


or of a system of partial differential equations of nth order: 

(Xc+,. . ^ot 

(6.7) FMx V V z z ^ ^i 

(X o (Z1 d 

dx 'dyi ...ay„ " 


( 0<ao+...+a„<m) 

1 1,.. .p 


) = 0 


(It is important *"0 note that in order to establish that a function 0 is a 
solution of a differential equation, one must show that 0 and its appropriate 
derivatives exist and lie in the domain of F, as well as that they satisfy the 
equation identically). 


An equation such as (^.2) does not have a unique solution - indeed it 
has an infinite number of solutions. Many papers have been written on the sub¬ 
ject of general solutions, but theie is no sinipJe formulation analogous to that 
for ordinary differential equations. Another line of investigation has been to 
determine a function 0 which in addition to being a solution of (6.2) or (6.4) 
or (6.6) satisifes certain auxiliary conditions. These auxiliary conditions may 
be of a great variety of types. (A simple one, for example, in connection with 
(6.2), is to determine a function 0 such that z ' 0(x,y) is a solution of (6.2) 
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and that <t>ixQ,y) * g(y), where xo is a given loint and g(y) a givci. function 
of class .) Once these conditions have beer stated, the problem becomes 
that of esfoblishing the exist,<nee, and, if possible, the uniqueness, of a 
function which it t solution of the differential equation and satisfies 
the auxiliary conditions. The same thing vould apply to systems of equations 
such as (6.5) or (6.7). )t may happen that the auxiliary conditions are such 
that no solution is possible.) Theoren.s which prove results of the above type 
are called existence theorems and form the subject of this paper. A few theorens 
on general solution; «ill be given wher. necessary. 

1 .... 

7. Cauchy , in 1842, was the first to investigate the existence of solutions of 

partial difiVrential equation.s. Since that time, the literature on existence 
theorems has become very large. Hence a discussion of the results must be accom¬ 
panied by a classification of the equations which have been studied; such a class 
ification might be done on several different bases: 

(I) The number of in.) i own functions involved, (1»2, or r). 

(II) The number of independent variables involved, (1,2,3,4.,n.n+1). 

(Ill) The Older of the equation oi ec^uations, (l,2,3,4,m). 

(IV) The nature of the functicn F (or F^) which dete mines the 
equation; thus for (6.2), one could state concerning 
F(x,y,z,p,q) that it is of class A^^ or that it is linear 
in I anc; q, or that it is of the ferm p - f(x,y,z,q), etc., 
or that it is defined in a region S of a ver) particular )(ind. 

(V) The auxiliary condi i i oi Involved - both the type of condition 
and the nature of any functions givtn in the condition. 

(VI) The nature of the desired solution: whether it is to be of 
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class A , or A*^‘, or or A^, what sort of region it is to 

be defined in, whether it is to be in finite form as an inte¬ 
gral equation, an infinite series, etc.. 

Distinctions made on the first three bases are nore obvious and at the same time 
more trivial than those made on the basis of the last tliee categories. Often a 
result may be generalized by increa.^ing the number of independent variables from 
2 to rv + 1, or the number of unl<nnv'n functions from 1 to r, or the order of the 
equation. Even when this does not happen, a natural question would be to see how 
far the theorem must be changed in other respects when r or n or m is changed. 

71 f division into chapters was made on the basis of III: first order equations 
are discussed in chapter 2, 2nd order equations in chapter 3, and nth order equa¬ 
tions - with sonic special results for m=3 and m=4 - in chapter 4. A pair of num¬ 
bers (i,j) after a theorem indicates that it concerns i functions and j independent 
variables. 


Within each chapter, the last three catt'^^cries form the basis of classi¬ 
fication. It becomes f.pp.< < that certain kinds of auxiliary conditions (V) are 

applicable to certain kinds of equations (11),in the sense that they lead to exis¬ 
tence theoi ems while the san.f conditions are not applicable to other kinds of 
equations. Hadamard^ pointed out this fact in tlio first decade of this cen’ury in 
connect id vi'l the so-called pruhlem of Cauchy whic.h las meaning, except for cer¬ 
tain special cases, only for hyperbolic equations, lladaroaid also pointed out the 
influence of practical proJJems, in indioeting the type of auxiliary condition which 
would lead to a solution in connection with equations of a given type. 


There has been a material change over the last century in regard to (VI), 
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the nature of the desired solution; earlier investigators were concerned only 
with analytic solutions, or at least those iithich held in the neighborhood of 
a given point* Solutions in the large are often of very different forms. 
Whether or not a solution lends itself easily to numerical computation is 
another criterion which later investigators have considered. Every theorem 
here will indicate in the hypothesis just, what assumptions concerning (IV), 
(V), (VI) are made - even though they may not have been explicitly stated in 
the original paper. 



II The Initial Value Problem and the Problem of Cauchy 
for First Order Di fftjrential Equations 

A, Formulation of the Problem 

8. In the space of two independent variables (x,y), and with a 
single unknown function 2 , the Problem of Cauchy may be stated as follows: 

Problem C; (a) Let xo(|J.), yo(M-), zqCm-) be functions of class 
in M: . 

(b) Let F(x,y, 2 ,p,q) be a function of class A° 
(continuous) in a region U. 

Then it is required to establis) the existence of a function <f'(x,y) with the 
following properties: 

(ot) 0(x,y) is of class A^ in a region R. 

O) For all (x,y) eR, (x, y ,<^(x, y), 4>^(x,y), <^y(x,y) eU 

and 

(8.1) F(x,y,0(x,y), 0y(x,y)) ® 0. 

That is, y * 0(x,y) is a solution in R of: 

(6.2) F(x,y,z, = 0 

Ox Oy 

(y) For all ueMilM, (xo(u),yo(p)) eR 

and 

(8.2) 0(xo (l-i) I yo (m) ) ' 20 (^a) 

That is, 2 = <^(x,y), considered as a surface, passes through the curve 

(8.3) r i x = xo (^), y "" yo(^), 2 o(pi) (^eMi) 

This problem, stale*’ in such generality, cannot, he solved. (See Perron*)). 

By adding hypothesis on F and F, and by adding requirements to the solution 
desired, one obtains problems which have been solved. Sometimes two formula¬ 
tions appear quite different, but a solution of one will lead to a solution of 
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the other by a substitution or simple transformation. Seveia' kinds of Cauchy 
prcbJeiKs vill be given, end the next lemma «i31 show when they can be trans¬ 
ferred into each other and what the transformations are. 

Problem C” : Same as prolijem C, except that the functions given in 
(a) and (b) are of class A*", for some s;€cified m (l£inl®). 

(A variation of tliis is to postulate the existence of certain deriv¬ 
atives and then require that they satisfy Lipschity conditions.) 

Problem Cg: Same as problem C except that M is a $-neighborhood of 
some U is a S-neighborhood of some (xc»yo»zo»po*qo)» and the existence of the 
solution is required only in the 3-neighborhood of Vxofyo) 

(Such a solution is called a local solution.) 

Problem C: Same as Problem C except that (a) is replaced by (a) 

and (y) by (y)i 

(a) Let g (y) and h (y) be functions of class A^ 
in T: yi<y<y 2 . 

(y) For all yeTi£T, (h(y),y) eR and 


(8.4) g(y) ® 0(h(y),y) in Ti. 

Problem G: (Initial Value Problen) Same as C except tlat (a) is 
replaced by (ao) and (y) by (Yo)j 

(ao) Let g(y) be a function of class in T: 

yj^<y<y 2 and xo be a given number. 

(xo) For all yST, (xo,y) eR and g(y) ^ <^(xo,y) in T. 

Problem 1: Same as C except that (a) is onitted and (y) is replaced 
b>: 

(S) For all yeT; yi<y<y 2 f (0,y) eR and 
</)(0,y) ■ 0 in T. 
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Problem N: Same as G except that (b) is replaced by (bo) and 
(P) by (Po): 

(bo) f(x,y,*,q) is of class in S 
(3o) 2 = 0(x,y) is a solution in R of: 


(8.5) ^ = f(x,y,z, 

Problem IN: Same as N, using (S) in place of (Yo) and omitting (a). 
ProbJeniS analogous to C - N using g(x) and h(x) instead of g(y) and 

h(y), and 


= f(x,y.z,Sj;) 

Oy ^ 

instead of (8.5), do not dilfer from tbe above except in notation. Equation 
(8.5) is called the normal form of (6.2). 

One can combine these types of problems to get, for exainpU*, G®, G®, 


I®, N® or Cg, Gg, Ig, Ng. ^ 

LEMMA 1: Solution of C -• Solution of C * Solution of G 

- Solution of I Solution of N ® Solution of IN. 

Solution of C Solution of C, provided yo^^^(^) f 0 in M. 

Solution of N -* Solution of G, provided F is of class A^ and Fp 0 
in U. 

Solution of N -• Solution of C, provided F is of class A and 
Fp -h^'^y) ’ Fq / 0 in U. 

Solution of N -* Solution of C, provided F is of class A^ , 

Fp • [yo (Ho(yW - Fq • {[io(y)] M ^ yo'(n) ^ 0 

in M where M'o(y) is the inverse of yo(l^)- 

(Formulas relating solutions given in proof.) 
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Proof: Gircn solution of C, C is solved by setting xo(m>)» “ h(|l),yo(^A) ® M-» 

*o(n) * g(u)» and M ■ T. The solution z * <f>(x,y) satisfies CL, P, Y and 
hence Y, since for yeTi * Mi, let ^ “ y: 

<^(h(y),y) ■ 0(xo(y)»yo(y)) * zo (y) “ g(y)» 

Given solution of C, G is solved by setting ]i(y) xo, since this is 
of class A® in T. 

Given solution of G, I is solved by setting xo * 0 and g(y) * 0, since 
this is of class in T. 

Given solution of C, N is solved by setting F(x,y,z,p,(») ® p-f(x,y,z,q), 
since if f(x,y,z,q) is of class A^ in S, F(x,y,z,p,q) is of class A^ in U, the 
set in 5-dimensional space having p arbitrary and (x,y,z,q) eS. (We can write 
U - 1;<S. L being: 


Conversely, suppose solution to C is known. Given problem C, with 
yo^^^(lA) 0, let (i * ^o(y) be the inverse of y = yo(^).and set g(y) * zo(^o(y) 

and h(y) = xo(|io(y)). Then g(y) and h(y) will be of class A^ (or A*") if 
xo(pi), yo(^), zo(^) are of class A^ (or A*"), in an interval T: yi<y<y 2 
corresponding to M: • Solve problem C, and obtain a function <f(y,y) 

satisfying and Y* For every lieM, there is a unique y ~ yo(^)£T and 

since xo(lJio(y)) ® xo(m) ® h(y), 

0(xo(^), yo(^A)) “ 0[h(yo(pi)), yo(4)] “ g{yo(pi)) * g(y) ® zo(^) 
so that Y is verified. Thus z = 0(x,y) is a solution of C. 

Suppose a solution of 1 is known, and problem C is given. We need 
to find 4>{y,y) such that (8.1) and (8.4) hold. The transformation: 

T: /x * X + h(y) has Jacobian 


y . y 


1 h'(y) 

0 1 


- 1 
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and inverse 


T"^ I X ■ x-h(y) 


Under this transformation, each point of R goes into h point of R 

and the curve C: x • h(y) (yeT) goes into the line x - 0 (yST). 

If we set 0(x,y) * 0(x+h(y), y), assuming that 4>(x,y) exists and 
is of class in R, then 0(x,y) is of class in R and 

</>^(x+h(y).y) ® ^(x,7); 0y(x+h(7);y) • 0y(x,7) -h'(7) ’ ^(x,y). 

Then (8.1) becomes 

0 s F[x+h(y),y, 0(x+h(y),y), <?{>y(x+h(y), y), ^^(x+hCy), y)] 

I A 7 

= F[x+h(y),y, 4>{x,y), 4>~(x,y), <^~(x,y) -h'(y) ’(^(x.y)] 

Letting >(((x,y) • <^(x,y) - g(y), we have 


we get: 


(8.6) 0 » F[x+h(y),y, 'y(x,y) + g{y), '|^(x,y), V^(x,y) 

♦ g'(7) - h'(7) 


Now let 


= z - g(y), p “ p, q * q - q'(y)+h'(y)‘p 


afnd write 


(8.7) F(x,y,z,p,q) “ F(x+h(y),y,z + g(y), p,q - h'(y)'p + q'(y)) 
If F is continuous in a region U, F is continuous in U, the region corre- 
spending to U under: 


z+g(y) 


- h' (y)T + g' (y) 
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If we find a solution z • V(x,y) of: F (x,y»z, 9^, 9j,) * 0, such that 

35 9y 

vi^COjy) * 0 (Problem I), then F (x, y,v(x,y),\K“(x,y) ,v;j^(x,y)) ® 0 

But left side is same as right side of (8.6), by definition (8.7), and 

since (8.6) is equivalent to (8.1), 

z * <^(x,y) • V(x-h(y) ,y)+g(y) 

satisfies Ot and P. Y is true since <^(h(y),y) * y(0,y) + g(y) * 0+g(y) • 0 
for y on T, Thus we get G. [Note that if I is solved for fnnctions F of 
class , and we wish to solve G for functions F of class , then the 

functions of the transformation (8.8) must be of class A in (x,y,ZfP,q) 
which means h(y) must l<e of class A^.] Combining tlii^ result with the first 
part of the lemma we get: 

C = G “ I. 

Now suppose N is solved. Given problem G with Fp / 0 in U, by the 

implicit function theorem, there is a function of (x,y,z,i]) defined in S, the 

projection of U, such that: 

(8.9) F(x,y,z,f(x,y,z,q),q) * 0 

(If F is of class A^, so is f; if F is of class A^, so is f) and 



Solve problem N for this function. There exists 0(x,y) satisfying (X, Yo and 
Po. That is: 

(8.10) 0^(x,y) * f(x,y,0(x,y),<^y(x,y)) 

Substituting z * 0(x,y) and q ” <^y(x,y) in (8.9) and using (8.10), we get (8.1). 
Thus z * 0(x,y) satisfies P and problem G is solved. 

As a consequence of the previous results, it follows that solution of N 
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implies the solution of I, provided Fp / 0, That N * IN is proved in a mannex 
analogous to that used to show G - I. 

Suppose N is solved, and proM^n- C is given. Definf F(x,y,z,p,q) 
as in (8.7). If (x,y,z,p,q) / 0, we could then find a solution to pro^)lem 
I for F ® 0; i.e., a solution z * ^(x,y) such that V(P,y) ® 0, By (8.7) and 
( 8 . 8 ), 

F^(x.y,z,i),q) = F^(x+h(y),y. z+g(y),p,q- -h'(y) • p+g'(y)) 

so the condition becomes: 

(8.1]) Fp(x,y,z,p.q) -h'(y)-FqCx.y,z,p,q) M in U, 

Solving I as indicated, we need only set <^(x,y) ® V(3i-h(y) ,y )''‘g(y), as in 
the first part, to get solution to C. 

Again, N -• C if (8.11) holds, and the condition that [C] ”• [C] , 

namely yo'(^l) f 0. But then since h'(y) = + .xaKui, (8.11) becomes 

yo'(n) 

yo *Fp“Xo *Fq 0. The formulas would be: 

Let F(x,y,z,p,q) ® F(x+xo(|io(y) ,y, z + zo(^o(y)) ,p,q “ ^ \ ] 

yo (^xo(y)) 

where M'o(y) * |i is the inverse of y = yo(^A). Find solution of F(x,y,z,p,q)* 0 

as p * f(x,y,z,q). Get solution of problem IN for ' f(x,y,z,^. If this 

9x 9y 

is z • ^(x,y ), then set 0(x,y) * ^(x -xo(lio(y))iy) zo(|Ao(y)) and z * 0(x,y) 
will be required solution. 

LEMMA 2: Solution of C® - solution of C® * G® « I® - N® 

C® provided yo^(^A) f 0 in M. 
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N™ “* G™, provided Fp / 0 in U 
N*" -• C®, provided Fp- h^(y)*Fq 0 in U 
N® C®, provided Fp’yo' [|io(y)] - F^-xo' [^o(y)] / 0 in U 
^ and yo'(^) 0 in M. 

Here m * 1, 2, 3,.,., or m ® +®>. [The solution of problem C® usually is a 
function of class A® in R, but that need not be required in problem. When 
it is so required, ve shalJ indicate this by C® *.] 

LEMMA 3; Solui iun of Cg -• Solution of ® ® I§ -♦ N§ ■ IN§. 

Solution of Cg Solution of Cg, provided |xo^(^o)| ^ lyo'(uo)1> 0 

Solution of Ng -• Solution of Gg, provided Fp / 0 at P°‘ ,y°, z°, p° ,q°) 

Solution o r Ng -» Solution of Cg, provided 

xo'(iAo) yo'(^) f 0 

A = 

f’p(po) Fq(po) 

Proof: Given a solution of Cg and given Cg, with |xo'(uo)|> 0, either xo'(fio) f 0. 
If the latter is the case, then in some region Tg about yo» yo^(^A) f 0, Then 
apply lemma 2 to get result. If xo ^ (l^o) i 0, we can use corresponding solution, 
when we interchange x and y in Cg. Thus Cg Cg. 

The proof of the next statement is analogous. If Aq f 0, then 
either xo^(m-o) 0 or yo^(M'o) f 0 and likewise either Fp(xof..) 0 or 
Fq(xo,..) f 0, 

The generalization of the above Cauchy problems to the case of 
(n"*"!) independent variables - f (^nation (6.3) - is made by replacing y by 
and the interval T by a region T in E^, 
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Linear equations: 

(8.12) a(x,y) ^ + b(x,y) ^ + c(x,y) z + d(x,y) * 0 
or quasi-lineal equations: 

(8.13) g(x,y,z) • ^ + h(x,y, 2 ) 2j; + k(x,y,z) = 0. 

Ox ^ 

have such special properties that theorenis regarding the existence of their 
solutions will be given in separate sections. 

9. In this section we shall desciibe certain g^^™®tric concepts usually used 
in discussing solutions of first order equations, (6.2), and define certain 
systenis of ordinary differential equations, called charncJ eristic equations, 
associated with (6,2). The results given here are not existence theorems, but 
are used in the statement and proof of those theorems. 

Any five numbers D: (xo,yo,zo,po,qo) may be considered as defining 

a plane 

(9,1) z - zo = po(x-xo) qo(y-yo) 

in three-dimensional space which passes through (xo»yOfZo) and has (po:qo:''l) 
as a set of direction numbers of its normal; conveisely, every plane through 
(xoiyOfZo) except a plane parallel to the z-axis will correspond to a set D. 
Hence we can call such c set D: (xofyofzo»poiqo) a plane element and consider 
that there is a family of such elements ns.'ociated with every point (xo,yo,Zo) 
of space. 

If 0(x,y) is a function of class in R, then the tangent plane to 

the surface S: z = <^(x,y) determines at each point of S a particular plane 
e lenient: 


(9.2) (xo,yo,zo ® 0(xoiyo), po = tyo) t qo * 0y(xo,yo)) 
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which we call the tangent element of the surface at the point. 


Given an equation 
(9.3) F(x,y, 2 ,p,q) * 0 

all the plane elements at (xo,yoiZo) which satisfy this equation, that 
is, for which F(xo • yo * Zo * Po i <]o ) ' 0 correspond to tangent planes to a 
certain cone, called the elementary cone of (9.3). If a plane element 
is to be both the tangent element to a surface z ^ (|>(x,y) and a tangent 
plane of the elementary cone to (9.3) at a point (xo,yoiZo)f then from 
(9.i) 

F(Xo,yo.<P(Xo,yo).<Px(* 0 .yo).<Py(Xo.yo) ) “ 0 

This means that z ~ cp(x,y) must be a solution of 

(6,2) F(x,y,z,Si, 2i ) = 0. 

Ox Oy 

at the point (xo,yo,Zo)* Hence, we call a plane element (xq , yo i Zo • Po i ) 
satisfying (9.3) an integral element of (6.2) 


A space curve C, whose equations are; x Xo(|i), y “ yo(l^)i 
z * Zo(^) where Xq (li) , yo (|i), Zq (u) are of class for iieM, lies on a sur¬ 
face z ® (p(x,y) if 


xo(^) r 9(xo(^),yo(^Jl)) (^eMi < M). 


Hence 


so'( h) ■ <Px(xo(h) .yo(H) ) • Xo'(h) + "Py (xo (h) . yo (h) ) 

• yo' (h) • 

At a point [xq * Xo(^o)>yo “ yo(^Ao)»Xo * *o(^Ao)l of C, the tangent element 
(9.2) of this surface must therefore satisfy: 

xo^(Uo) “ po * xo ^ (iio) ^ qo * yo^(^Ao). 
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As M* varies and C is generated, if we consider two functions p(u) and 
< 1(^)1 of class A in M, which together with the equations of C should 
form a tangent element, then for all ^eM, 

(9.4) 2 o\li) = po(^) • xo^(^A) qo(M-) * yo^(M-) 

A set of functions: 

(9.5) xo(ii).yo(|i). 2o(^^').Po(^A).qo(^J^) 

where the first three are of class A^ and the last two of class A° in M, 
and such that (9.4) holds is called a strip. If a strip is an integral 
element of ( 6 . 2 ) at every point, that is, if it satisfies ( 9 . 3 ) so that 

(9.6) F(xo(^l),yo(^i),2o(M•),Po(^^)lqo(^l)) : 0 
then it is called an integral strip of ( 6 . 2 ) 

If a curve C is such that the tangent to C at each point is a 
ruling of the elementary cone of ( 9 . 3 ) at that point, it can be shown that 
(^l) : y^ (^) : z^(u) = Fpi F^: p Fp + q F^. If we choose the parameter so 

that x'Cti) = Fp, y'(ui) = F^, then z'(n) = p Fp + q F,|; if r(|A) 
and q(^) are chosen so that these three relations are satisfied, (9.4) will 

hold, and the five functions will lorm a strip. If this strip is to be 
at each point of C a tangent element to a surface z = (p(x,y), which is a 
solution of ( 6 . 2 ) then since 

F(x,y,q)(x,y),cpx(x,y).9y(x,y)) = 0 
fx * '"p *Pxx * 'Pyx ° 0 

^y * ^z'Py * ^P*Pxy * ^q'Pyy " ® 

and assuming (p(x,y) is of class A^, the second equation yields: 

® “ *^x 1'x(xo(li).yo(li)) + xo'(li) • 

+ yo'(lt) ■ <Pxy(*o(ll).yo(4)) 
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* *^x ■*■ * Po'Cu). 


Similarly 


0 ' Fy + Fjj • qo(n) + qo'(u) . 

Therefore we call a set of functions (8.5) which satisfy the equations: 

r , 

X = Fp(x,y,z,p,q) 

y' * Fq(x.y,z.p,q) 

(9.7) " pFp(x.y, z.p.q) + qFq(x,y,z.p,q) 


p' = -F3^(x,y,z,p.q) -pF2(x,y.z.p.q) 
y “ -Fy(x,y,z,p,q) -qFjj(x,y,z,p,q) 

a characteristic strip of ( 6 . 2 ) equations ( 9 . 7 ) themselves are called 

the characteristic equations of ( 6 . 2 ) form a set of ordinary differen¬ 
tial equations in (|i, x, y, z, p, q) to which we can apply the theorems of 
Section 5. 


THEOREM (9.1) Let F(x,yiZ,p,q) be a function of class in U; then along 
every characteristic strip ( 9 . 5 ) this function is constant. If a char¬ 
acteristic strip contains at least one integral element of ( 9 . 3 ) it is 
an integral strip of ( 6 . 2 )* 

Proof: F(x(n), y(n), z(^t), p(n), q(^)) “ F^^ • x' + Fy • y' + F^ • z' + Fp * p' 

^ ^ • n' - F^Fp + FyFq ^ F,(pFp ^qFq) + Fp(.F^.pF,) 

^ Fq(-Fy.qF,) = 0. 

.*. F(x(^),y(^), z(^),p(^),q(^)) * C, a constant, for all ueM. 


Now if this strip contains an integral element, there is some pi ** such that 
the corresponding plane element satisfies ( 9 . 3 ) Hence 



31 


F(x(^Ao),z(M•o),p(Ho),q(^Ao)) = 0 
Thus C * 0 and hence for all \ith\, 

F(x(m-) ,y(^), z(m.) ,p(m.) ,q(^l)) = 0 

and hence (9.5) satisfies (9.6) as well as (9.4.) and is therefore an integral 
strip. 

THECXIEM 9.2: let F(x,y,z,p,q) be of class A in a region U; let z ” 0(x,y) 
be a solution of (6.2) which is of class in a region H. Then to every 
tangent element (9.2) of this suj fu<e lltie is at least one characteristic 
strip which contains this element for M- “ 0 and which lies on z = (t>(x,y)\ 
this is an integral strip. 

Proof: Let (xoiyo#zo#po#qo) be given tangent element (9.2). There exists a 
solution X = xo(|i)» y “ yo(^i) of the equations: 

x' = F„(x,y,(^(x,y),<^„(x,y),0„(x,y)) 

P A y 

y* “ Fq(x, y,<^(x ,y) ,<^j^(x, y) ,</^y(x, y)) 

which for ^ * 0 passes through (xo,yo). For some Mo, then, (xo (M-) , yo (^A)) sR, 
and Mo contains |i = 0. Now define 

zo(li) = 0(xo(^) ,yo(M-)) 

Po(m.) = 03 j(xo(M-) ,yo(^)) 

qo(\i) = 0y(xo(^) ,yo(pL)) 

These five functions, for pieMo, define a stiif which satisfies (9.7) and, for 
^ = 0, they reduce to (9.2). For ^eMo, they satisfy (9.6). 

When F(x,y, 7 .,p,q) ® p - f(x,y,z,q), so that the equation is of 
normal type, the first equation of 9.7 i?: 30 that if we take 

x(li) ® |i * X as a parameter instead ©f H, equations (9.7) become: 
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y* “ ^ p^z* 

q' “ ^ fy ^ q^z 

But since on an integral strip the equation is satisfied: p - f(x,y,z,q), 
we can substitute in the strip equatioi. and get 
(9.8) y' - f^. *' = £ . 

as a set of equations from which yo(x), zo(x), qo(x) can be detoimined; 
then po(x) f(x,y(x), z(x) ,q(x)) will satisfy the remaining equation 
p^^^ • f'♦* pfj identically, and these* together with xo(x) = x, will form 
the characteristic strips. Hence (9.8) are often called the characteristic 
equations of the normal equation (8.5). 

The characteristic equations of the geneial first order differen¬ 
tial equation in (n'^l) variables, (6.3), are defined in a manner analogous 
to (9.7) to be: 

x' = Fp(x,yi , . . .yj^, z, p, qi ,. . .q^) 

(X, yi , . . y^, z , p, qi,. . q^j) (i~'l,.t.,n) 

(9.10) . pFp ^ qi Fq. 

p' “ -F^ - PF, 

qj “ -Fy^ -qj Fj (i-1.n) 

B, The Initial Value Problem, for Equations of Normal Type, 

10 . Cauchy^ , Darboux^ and S. Kowalewski^ v-eie among the first to consider 
problem C; Kowalewski, particularly, studied problem N for a wide class of 
systems known as normal systems. Goursat and others simplified and clarified 

her results and proofs; we give the basic results below. 

THEOREM 10.1: (a<x}) Let g(y) be a function of class for |y-yo|<S nnd 

let xo be a given number. Let zo ~ g(yo) and qo ” g'(yo)« 
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Let f(x,y,z,q) be a function of class A in S^: 

|x-Xol < 6, ly-Yol < 6 . |q-qo| < 6. 

Then there exists a unique function (p(x,y) such that: 

• 00 

(a^) cp(x,y) is of cl ass A in some neighborhood 
Ix-Xol < 61, ly-yol < 62 of (xo,yo). 

Oo) For all (x,y) eR^, z = (p(x,y) is a solution of: 

(7.5) ^ = f(x.y.z. 

(Yo) For all yeTg^ 

(10.5) 'P(xo.y) : g(y). 

Proof: See Goursat^, Horn^, pp. 163-165. 

By hypothesis: 

“ \ |i V 

( 10 . 6 ) f(x,y,z,q) =2 (x-xo) (y-yo) (*-»o) (q-qo) 

n,x,4,v=o 

where this series converges absolutely in . We wish to determine, first 
formally, the coefficients of 

(10.7) <p(x,y) = ^ (x-xo)’^ (y-yo)^ 

to satisfy Oo) ®nd (Yo) then establish convergence in some ^ 5 ^^* also 

know that 

( 10 . 8 ) g(y) = (y-yo)^ 

where this converges absolutely in T^. 


By Taylor's theorem 


If ( 10 . 5 )holds, then 


•PyX (xo.yo) = Bo^ • X! and g (yo) = • X! 

. (X) . . 


(xo.y) : g (y)t ond hence setting y = yo and 


substituting 


Box • ® Cx • X! or Bqx =* Cx (X “ 0 , 1 , 2 ,...). 
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In particular, Bqio * Q) * *o ®oi “ ■ q©. 

If z ” (p(x,y) aatisfiea (8.6) in some this must hold 

at (xo,yo): 

9x(*oiyo) “ f(xo,yo.<p{xo,yo).Vy(xo.yo))* 

Again from Taylor's theorem, right side ” f (x© , y©» >01 <io ) * A©©©© and left 
side ” Bi©, so 

Bio ® A©©©©. 

Differentiating the identity that would hold in R^: 

(10.9) <Px(*»y) “ f(x,y,(p(x,y),<Py(x,y)) 
with respect to y and substituting (x©,y©), we get: 

9xy(^Ofyo) “ fy(x©,y©,z©,q©) + f2(x©,y©,2©,q©) ' (Py(x©,y©) 
+ iq(x©,y©,*©,q©) • qpyy(x©,y©). 

Again substituting from (10.6) and (10.7) by Taylor's theorem: 

Bii “ A©i©© + A©©i© B©! + Ao©oi B©2 * 2. 

Continuing this process, we establish by differentiating (10,9) \ 

with respect to y and taking the result at (x©,y©), that every B^^ can 

ba determined in terms of ® B©^'s, which again means in 

terms of ^^an if we differentiate cp \(x,y), as obtained from 

xy 

(10.9) r\ times with respect to x, and evaluate it at (x©,y©), we get 
B^^, again in terms of previous B's and A's and hence of 
Cx's. (Prove by finite induction.) Thus we have a method of calculating 
any coefficient B^x af (10.7) and B^x a rational integral function of 
A^X^v'* and ^x'^ with positive integers as coefficients. 


To establish convergence, the so*called method of majorants 



is used. If we can find a function f (x,y,z,q) of class A in Sg and 
- 00 

a function g (y) of class A in Tg, so that the coefficients Ay^\^y and 
occurring in their power series are related to (10.6) and (10.7) by 
inequalities: 

IVuvl ^ Wv' |C\I 

and if we carry through the above process with regard to the equations 
^ » f(x,y,z,q); (p(xo,y) = g(y) 

getting a series solution qp(x,y) == D B^^(x-xo)^ (y*yo) i then it follows 
from the italicized statement above that for all and 

Hence if we can establish convergence of the series for q}(x,y) in some 
then by the comparison test (9.7) converges absolutely in R^^• 

By Cauchy’s inequality, if M * l.u.b. f(x,y,z,q), then 

(10.11) lA,.,Xnv| - y i- „ • ^ 

Hence one could take: 

f(x,y,z,q) = r _ M (x-xq)^ (y-yo) (z-zo)^ (q-qo) 

T^.X.n.v 
= 0 

( 10 . 12 ) = __M_ 

(1.^^) (1-122.) (l-ilf£) (1-512£) 

6 6 6 6 

and this certainly converges absolutely in . 

But the terms of the above series are in turn less than those of 
another series, and so on, (Horn^, Goursat^, pp. 4-6) until one arrives at 


a series for a differential equation which can be reduced to any ordinary 
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differential equation and whose solution exists in a certain Rg. Thus 
we have convergence of the series for (p (x,y) and so for (p (x,y).(This 
part of the proof usually carried out for problem IN and then trans* 
formation effected to get back to N, as in lemma 1.) 


COROLLARY 1 : The series in theorem ( 10 . 1 ) converges for at least 
0 <■ 1 x-XqI < Tib and 0 < 1 y-yi| ^ r26 where 0 r^ < 1 and Tq * 

1 + 8 M 

M being defined in ( 10 . 11 ) 


Proof: Perron^. He establishes this again when xo®yo*Xo *0 and Aqqoo “ 0 , 
that is, for problem IN and where 6-1; showing successively that the series 
for (10.12) in this case is < the series for: 

f(*.y.*iq) ° M_ 

(1-*) (1- ) (1- ^ -q) 

he solves: 


^ (1-x) (1- 


JL 


( 1 - ^ ^ 

(1-x)® 1-x ^ 


by setting u = y and z = (1-x) F(u), getting: 

(1-x)® _ 

F'(u) “ 1 t j-u _ with F( 0 ) • 0 as condition. 

4 u 

But since F'(u) is regular at u ° 0 , this can be put into a aeries expansion, 
and hence 

F'(n) => I B_ u“ » M + (M + 2M“) u + ... 
n“0 " 


Solution of above partial differential equation then reduces to 

° 4 u 


I “ (1-x) / F'(u) du = (1-x) .r 1 - 


S_ du • M (^) 


+ X(M + 2 M)* ,,v^. + 

(l-X)S 
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Then from determination of radiua of convergence of series for I^\u), 
we see that the above converges for|x|< 1, leads to 

desired result. 

Perron's proof is also interesting because in the formal de¬ 
termination of coefficients, he gets the B's from the A's by a formal 
scheme of comparing coefficients of like powers of y. 

THEOREM 10.2 

Let (so,) and (boo) be given as in theorem (10.1) Then there 
exists a uniformly convergent sequence of functions: 

(10.13) (pj(x,y) (j =» 0,1,2,...) 

of class a" in a neighborhood of (xo»yo) such that 
(10.)A) lim (pJ(x,y) ■ 9(x,y) 

j->OP 

satisfies ((Xqo), Oo ) i (Yo) snd hence is the unique solution described in 
the previous theorem. 


Proof: Germay^, pp. 20. Germay does not use the method of majorants, but 

solves the characteristic equations of (8.5) (see Section 8) 
r 


y' = -fq(x.y.*.q) 


(10.15) 


*' • f(x,y,z,q) - q fq(x,y,z,q) 


q'- fy(x,y,z,q) + q £j(x,y,z,q) 


by the method of 8ucc*issive approximation. By Section 5, if we take a 
■et of values; (xo,Tl, g(n). g'(n)) »)‘«>’e t\ is any value in Tg, we get a 
unique solution of the above system assuming these initial values for 
x * Xo: 

y * yo(x), z ” Zo(x), q * qo(x) 
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auch that 

yo(xo) ■ n; *o(xo) • g(n); qo(x6) • g'(n) 

Doing this for any r\ in we can write the solutions 
(10.16) y * Y(x,t^); z - Z(x,t\); q • (p(x.T^). 

(The general characteristic functions on page 10 would be y * Y(x,Xo»il)f 
etc., but here Xo is fixed, throughout the problem.) These are limits 
of Y^ (x,T\) , •..; as in theorem (6.4) ^ 0, and hence the first equation 

of (10.16) can be solved, by the implicit function theorem, for * 0(x,y) 
and this solution substituted in the second to get z * Z(x,6(x,y)). 

Taking 9(x,y) • Z(x,6(x,y)), this function is shown to satisfy (ttoo), (j3o), 

(Yo). 


This method had been used previously; Germay's new idea was to 
carry through the same process for the approximating functions YJ(x,ii) 
and ZJ(x,r\) and to show that the inverse 0>}(x,T^) converges uniformly to 
0(x,y), so the sequence q)<3(x,y) * Z^(x,0j(x,y)) (j“0,1,2,...) will con¬ 

verge uniformly to (p(x,y). The above theorems can be extended to n+1 variables 


niEOREM 10.3 

(sco) Let (x°,y° ,-..,y„°) be a given point and let g(yi,...»yn) 
00 

be • function of class A in a neighborhood Tg of (yi**. 

*0 “ and qj,® • (yi**. • • • .yn**)- (k-l,2,...n) 

00 

(boo) - Let f(x,yx,... ,y^,z,qi,... ,q^) be a function of class A 
in a neighborhood Sg of (*0 .yi“ . • - •. yn® . .••-.qn")- 


Then thei^' 


exists a unique fund ion 9(x,>i ,... ,yj|) auch that 



(* 00 ^ 0(x, yi , .. , , is of class A in a neighborhood Rg of 

.00 o. 

(x ,yi,... .Vj^ ) 

Oo) z “ 0(x is a solution in Rg^ of: 

(10.2) ^ = f(x.y..y„.x, . 

(Vo) 0(xo,yi.y„) ■ g(yi.y^) in Tg^ . 

Proof: Goursat , pp. 2-6. See Perron for corresponding corollary. 


TRECX^EM 10.4: Let (aoo) and (l>x^ given as above. Then there exists a 
uniformly convergent sequence of functions 

0J(x,yi. ... ,yy^) (j = 0,1,2...) 

of class A°° in a neighborhood of (xo , yi ° , . .. , y^° ) such that 
jim 0J(x,yi , . . . ,y^) = 0(x,yi , ... , y^^) 

satisfies (Q^qj) , Oo), (Yo), and hence is the function of theorem 10.1. 
Proof: Germay^ p. 20 




31. The method outlined in the first part of the proof of theorem 10.2 - the 
so-called method of characteristics - does not depend upon the power series 
expansions of f <i g, provided one uses theorems which do not depend upon power 
series expansions for the corresponding ordinary differential equations. Conse¬ 
quently later writers have made this the basis of existence theoiems vhich apply 
when the requirement that <^)(x,y) be analytic is replaced by the requirement that 
it be of class A^ . At the same time, solutions weie oltained which held in the 
large - that ia, in a given region R, or a specifitM* svlrtgiii- of R. Results are 
often given for regions of infinite extent in y, and then results fer finite regions 
derived as coiollaries. For this reason, the hypotheses in an infinite region may 
carry additioial requirements concerning boundedness. 

THEOREM 11.1: (as) Let xo be a given number and let g(y) be of class A^ for all y. 

2 

(bs) Let f(x,y,z,q) be of class A in: 

Si: |x-xo| < a, -oo<y<+cjj -oo< 2 <+ooj -otXq<+oD^ 

(c) Let there be a constant B such that 1 + lg'(y)| + lg(y)| £ B 

for all y, and a constant A sucli that 
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Ifl < A. |f,| < A, |fy| < A. If^l < A, |fyyl < A. 

|fyq| ^ l^y*l ^ l^qql ^ Kx*l ^ |^q*| 

< A, 

Let a ■ min (a, ). 

Then there exiata a unique function ^(x^y) auch that: 

( 0 ( 2 ) 9(x,y) ia of claaa A^ everywhere in Ri: |x-Xol < a, 

•>00< y < +00 ^ 

Oo) z ” 4>(x,y) ia a aolution in R of 
(8*5) « £(x.y,z, |i) 

(Yo) For all y, »(xo,y) c 8(y)' 

Proof: Kamke^, pp. 352*358. Aa in the proof of theorem 10.2 pp* 37 the char- 
acteriatic equationa (10.14)of (8.5) are solved, for any initial value T^, and 
the correaponding (xo,nig(n)# g'(n) to get 

(10.16) y » Y(x,n), X » Z(x,Ti), q * Q(x,n) 

Then it ia ahown that Y^(r^) > 0 for all y and hence that firat function has 
a unique inverae r\ - 6(x,y). The function (p(x,y) * Z(x,0(x,y)) then turns out 
to have properties (Us)* 02 )* (Yo)- 

(The method of obtaining (10.16)is amenable to computation, but 
finding the inverse may not be. It may be that Germay's work has possibili¬ 
ties if extended to this case.) The above result was somewhat improved by 
Waxewaki^ and Digel^. 

THEOREM 11.2 . 

(ax) Let Xo be a given number and let g(y) be a function of 
class A^ for all y. 
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(bi) Let f(x,t,z,q) fy, be of class in S: 

Ix'XqI < a; -*<y,x,q<+“. 

(^i) Let If I < A, |fy| < A. |fjl < A, |fql < A in S, 

and let g, f, fy, f^, fq satisfy Lipschitz conditions 
with the same constant M: 

|g(y)-g(y)| £ M |y-y| 

lf(x,y,z,q)-f(x,y,z,q)|i. M[|y-y| + |z-z| + |q-q| ] 

|fy(x,y,z,q)-fy(x,y,z,q)| < " 

|f,(x,y,z,q)-fj(x,y,z,q)| < " 

|fq(x,y,z,q)-fq(x,y,z,q)| £ " 

Set a = min (a, 1 ); assume 1 + |g*(y)| + M £ B. 

4AB 

Then there exists s function (p(x,y) such that 

(tti) (p(x,y) is of class in Ri: |x-Xol < a, .» < y < + oo 

(Po) (x,y) in Ri, z = 9(x,y) is a solution of (8.5) 

^ = f(x,y,i,^) 

Ox ^ 

(Yo) For all y, q)(xoiy) E g(y)- ' 

Proof: Wazewski^ proved this by approximating polynomials. Digel^ used a 
proof similar to the one given by Kamke for the previous theorem; it appears 
neater than Wazewski's, but the latter may be more practical for computation. 

Finally, we have a result established by Kamke^ in 1943 as part of 
a general theorem involving solutions with respect to parameters in n vari¬ 
ables. Note that if g(y) and f(x,y,Zpq) are of class for any in>l, the 

requirement that 9(x,y) be of class A^ is enough to produce a unique solu¬ 
tion; as a consequence, this solution will turn out to be of class 
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THEOREM 11.3 

^•m+l^ • given number and let g(y) be of claaa 

(m > 1) for all y. 

^^m+l^ be of class or, more generally, 

let f, fy, f^, be of class A® in S 2 : 

Ix-XoT 1 a, -«»<y,E,q < + «. 

(c) Let there be a constant B such that |g'(y)| + |g"(y)| < B 
for all y, and a constant A such that (11.1) (p. 40) 

holds in S 2 . 

Set 0 < p < 1 log (1 + _3_)and a * min (a,p). 

A 2(B+1) 

Then there is a unique function <p(x,y) such that: 

(da) 9(x,y) is of class A* in Ra: Ix-XqI £ d, .oo<y<+oo 
Oo) * ■ 9(x»y) is a solution in Ra of (7.5): 

(Yo) VCxoiY) * g(y) for all y, 

Furthernore, q)(x,y) is of claas A®*! in Rj. 

COROLLARY 1: If S» is replaced by S*: Ix-Xol < a, -«<y,*,q<+«, in condition 
(•>m+l^ replaced by R^: |x-xol < a, .®<y<+» in ( 02 ). 

COROLLARY 2: We can take 0 - 1 ao that a - nin^ loy a . a). 

3(B+1) 2{B+1) 

Both theoren H.i and theorem 11.3 can be applied when the given 
regions for g(y) and f(XfyfZfq) are finite. This is done by using the 
following lemma, which we give for (n+1) dimensions: 



43 


LEMMA: Let f(x,yx >... be continuous and have continuous first and 
second derivatives with respect to yi».*.iy|^ in the region: 

Rq: a<x<b, Ci<y<dx . • • • • c^^yn^^^n 

Suppose thst 'lfl < A, |fyj < B, ^ C. Then for erery 6 with 

o<6< Min ~*T> , there exists a function f(x,yi.Vj^) defined in: 

Rii a<x<b, -«»<yi<+®,...,-®<y^<+® 

which is continuous, has continuous first and second partial derivatives 
with respect to yt,...,y„, in Ri and If I < A, B; |fy y |< C + g; 

(x.Yi.Yn) i» f(x.yi.--*.yn) • f(x.yi. • • • .y„) • 

The theorems given above are irue for (n+1) dimensions. Theorem 
(11.3) becomes: 

IREOREM 11.4 

(Sju+i) Let Xq be a given number with Ix-XqI < a, and let 

g(yi.«**iyn) be of class for all y. 

(bjjj+j) Let f(x,yi,...,y|^*,qx,...,q„) be of class A®'*’^, or more 

generally, let f, f„ , f_, f_, be of class A® in Sg: 

*k * 

|x-Xol < a, -«<yi.yn»*»qif-* 

(c) Let there be a constant B such that 

I'^ki * I'vji -' ... 

and a constant A such that 

I'xl ’ |%| • l*il • l*qj ■ ’ l*yk‘l' I'ykfll' 

l'..l • l'.qi,l • l^qkl •" ■“ - *• 

Set 0<3< 1 log (1 + log 3 ) and a * min (a.P). 

A 2n(B+l) 

Then there exists a unique function <p(x,yi.y„) such that 

(Oa) <p(x,yi,... ,y„) is of class A® in Rj: 
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|x-xol <a. -®<yi.y„<+® 

Oo) * “ <P(x,yi ,... ,y^) is s solution in Ra of 

(10.2) .yn>** lyi-- 

(Yo) v(xo,yi..«.»y„) * g(yi*‘-*.yn) v* 

Furthermorer <P(x,yi ,.. .,y,^) is of class in Ra . 

CX)ROLLARY 1 If Sa is replaced by Si; |x-xol ^s» -“^yi »• • • »yn^‘*‘®» result 

is vali«l when Ra is replaced by Ri : |x-xol < -®^yi . • • • iyn"^***®* 

Recently, Baiada^ has given a proof of theorem 11.2 which is interest- 

int because it is a generalization of the Pcuno method in ordinar> differential 
equations (Th.5.2). He uses the interval 0£xla instead of |x*xol5.S, and xo”0. 

In problem N, the initial lint x xo is tuben as interior to the 

region R in which the solution ?(x,y} exists; since ^ is continuous in R, 

<p(x,y) -• g(y), as (x,y) -• (xo,y) in any manner whottver. The situation is not 

essentially altered if R is replaced by a closed region R which has the line 

as part of its boundary. However, a different kind of problem ih obtained if 

aaka for a solution of class in the interior of a region R, which has this 

as part of the boundary, and such that lim (p(x,y) g(y)* For such a solution, 

x^xo 

if it exists, need not be continuous at (xo,y)« Hadamard pointed out this dis¬ 
tinction for second order equations, but I have never seen a solution of this 
lem (call it problem H) explicitly stated and proved for first order equations. 

C. Solution of Problem of Cauchy and Initial Value Problem; Equation Not in 
Normal Form, 

12. Solution of Problems G and I 

From the lemmas of section 8, the existence theorers of section B can 
be extended when the equation is not in normal form, provided certain additional 
conditions hold concerning F(x,y,z,p,q) or the curve F. 
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Theorem 12.1 

(e«o) Let (xofYo) he a given point. Let g(y) be a function of 
00 

class A for |y-yo| < 6 . Set zq * g(yo) and q© * g'(yo)* 

• 00 
(fako) I'Ct F(x,y,z,p,q) be a function of class A in a neigh¬ 
borhood U 5 ; |x-xol < 6 , |y-yo| < 6 , |z-*ol |P-Pol '^ 6 . 

I where po ia chosen so that: 


( 12 . 1 ) 


F(xo,yo,*o.Po.qo) ■ 0 
Fp(xo.yo.»o.Poiqo) J* 0 


Then there exists a unique function q)(x,y) such that: 

00 

(®oo) 9(x»y) is « function of class A in |x-Xo| ^ 6 i, 

ly-yol 

Oo) For all (x,y)e R^^, z = (p(x,y) is a solution of 
(6.2) F(x,y .2 |i, = 0 

(Yo) For all yeT^^: |y-yol < 6 t, q)(xo,y) = g(y)- 


Proof: (See Goursat^, p. 45, Horn^, p. 162, ff.) As on page 24 solve 
F(x,y,z,p,q) “ 0 for p = f(x,y,z,q), and find solution of corresponding 
problem N with same (yo)* This solution 9 (x,y), found as in theorem 10.1 
will be required solution page 24). 


THEOREM 12.2 

The function q}(x,y) of the previous theorem can be uniformly 
approximated by a convergent sequence: (10.13) { 9 -^(x,y)} j= 0 , 1 , 2 ,... 
Furthermore, the derivatives of qpJ(x,y) will converge uniformly to the 
derivatives of 9 (x,y). 


Proof: Germay^, p. 28. (See theorem 10.2 a possibly useful procedure.^) 
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Problem is a special case of C and can be handled the same way. 

To solve problem let yo be given, set xo “ ^(yo) * ®(yo) 

and find po and qo so that 

F(xo,yo,*o.po,qo) ® 0 
go(yo) “ h'(yo) • Po + qo 
If one assumes that 

( 12 . 2 ) Fp(xo,yo,zo,po,qo) - h'(yo) * F^Cxo,yo,zo,po,qo) f 0 
then Fp-h'(y)Fq / 0 in a neighborhood of Po (xo > yo» zo i po > qo) and hence l^y lemma 
3 of section 8 the problem can be reduced to problem IN, by the formulas on page 
25. Thus one establishes the existence of a solution in a neighborhood of Po* 

To soItc problem Cf°, let HoEM, set xo*xo (Ho) ,yo'yo (lio), io=*o (>io ), and 
find po and qo so that 

F(xo,yoiZo,po,qo) “ 0 

zo(4o) ® xo(^o) * po yo (^Ao) * qo 

If one assumes that 

(12.3) Fp(xo,yo,zo,po,qo)’yo(Uo) - Fq(xo,yo,zo,po,qo)(Uo) 

Fp(x,y.*,p,q)-xo(lio(y)) ' Fq(x.y,*.P.q)'yo{Uo(y)) J* 0 
in a neighborhood of P^ and hence by the lemmas of section 8, reducing the prob¬ 
lem by the formulas on page 25, existence of a solution of is proved. 

If one is no longer interested in analytic solutions, the same conditions 
(12.1), (12.2) or (12.3) would insure the existence of a solution of problem , 

^ in the neighborhood of P^, provided that after the transformations on page 
25 were performed, the reduced problem N or IN satisfied the hypotheses of one of 
the theorems of section 11. Indeed, one could get a solution in the large of these 
problems, provided that, throughout a region U, 

(12.4) Fp(x,y,i,p,q) ^ 0 
for problem G, or 

(12.5) Fp . h'(y)-Fq / 0 



47 


when problem C is given, or 

(12.6) yi(ii) M; Fp • yi(Ho(y)) - • x5(no(y)) f 0 

(12.7) xi(ii) M; Fp • yi(no(x)) - F^ • xi(no(x)) f 0 

when problem C is given, where Uo(y) and ^o(x) are the inverses of yo(u) and xo(m>)* 
Thus, given problem C and (12.6), find the inverse ® ^lo(y) of y * yo(ki)» and 
determine g(y) * zo(^o(y)) and h(y) * xo((io(y)). Then let: 

(12.8) F(x,y,z,p,q) » F(x+g(y), y, 2 +h(y), p, q •h'(y)p) 
where h'(y) » xo'(^o(y)) * ^o'(y). 

Solve F(x,y,z,p,q) * 0 for p » f(x,y,z,q),which is possible by (12.6), which 
becomes F^(x,y,z,p,q) / 0 for some region. Then find the solution of 


with boundary condition 
V(0,y) = 0. 

This is problem IN, and so methods of section 11 are applicable. If the solution 
is z ■ vi/(x,y), then solution of problem C is z • 0(x,y) where 
</)(x,y) s^(x-xo(^o(y)), y) *’■ 2o(^o(y)). 

13. When the above conditions do not hold throughout a region, it is still 
possible to find a solution of problem C in the ** neighborhood of the curve F*'. 
Thus, if F(x,y,z,p,q) is of class A^in a region U and if xo(^) ,yo(l^) izo(l^) are 
functions of class , for \i in M, so that p. x=x(^i) ,y=y(ii) ,z®z(pi) lies in the 
projection of U in (x,y,z) space, let 

( 13 . 1 ) . 

A = 

Fp(xo(^l),yo(^A) ,zo(m) ,p,q) Fq(xo(^) ,yo(u) ,zo(|i),p,q) 
for U in M and (p,q) in V. Then by the implicit function theorem, one can find 
solutions p • p(lA), q “ q(^A) of the equations: 

p’xo(|i) q*yo(iA) “ zo(^i) 

F(xo(gi),yo(lA) ,zo(pi),Piq) * 0 


(13.1a) 
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The functions 

(13.2) [xo(^),yo(M).xo(u).Po(»i).qo(ti)] 


(lieMt) 


will forin an initial integral strip (see page 29) of the equation 


(6.2) F(x,y.i. .§*) ■ 0 


Furthermore 


(13.3) A(n) 


Fp(xo (u) ,... ,qo {\i) ) Fq(xo (n) ..... *o (^) ) 


^ 0 (neMi) 


Either xo(^))^0 or so that in the neighborhood of every point of the strip, 

either (12.6) or (12.7) holds; by carrying through the transformation indicated 
there, one establishes the existence of a solution in a region R containing 
[xo(u).yo(^)]• However, instead of working with the characteristic equations of 
the transformed normal equation, one can obtain the solution directly as follows: 
The characteristic equations: 

/x' - Fp(x,y...p.q) 

\ y' - F,(x.y.*.p.q) 

(9.7) 1 x' - pFp + qFq 

p' ■ *Fx -pF. 

\ 9' ■ -Fy -<JF, 

are solred, in (t,x,y,s,p,q) • space, for each set of initial values (13.2) to give 
/x • X(t! xo(n) ,yo(n) ,zo(li) ,po(»i) ,qo(li) ) * X(y,li) 

I y - Y(t,li) 


(13.4)1 z • Z(t,u) 

/ p ■ P(t,n) 

^ q ■ Q(t,ii) 

By theoren (9.1) these will form an integral strip; as 4 varit-s, the first 
three of these equations parametrically determine a surface z * 9(x,y) which is a 
solution of (6.2) and passes through since one can show that X^ Y^-Y^X^ / 0. 
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Solving the first two equations, and substituting in the third, one obtains its 
explicit fornula. This method does not give the region of existence of the 
solution, 

Sonetimes the problen of Cauchy is stated as that of determining a 
solution of (6.2), not through a given curve P, but through a given initial 
strip (13.2). Then one can be sure of the uniqueness of the solution for that 
strip (in the case of a given curve, uniqueness can be established provided one 
always has a unique solution of (13.1a)). Thus, Courant-Hilbert^, v. 2, pp.66-68, 
proves: 

THEOREM 13.1: (a) Let xo (^) lyo (|Ji) «zo (^) be functions of class with xo^'*'yo‘^0. 

(b) Let F(x,y,z,p,q) be of class A* in U with 

(c) Let po (|i) «qo (l^) be 2 additional functions determined so that 
(13.2) is an integral strip of (6.2) and (13.3) holds. 

Then there exists a function 0(x,y) such that 

( 0 ( 2 ) 0(x,y) is of class A^ in a region R containing (xo (^) »yo ) 

Oo) z * 0(x,y) satisfies (6.2) in R. 

(Y) 2 o(ia) * 0(xo(u) .yo(u)); po(n) = 0x(xo(^i) ,yo(^A) ); qo(^) = 0y(xo(n) ,yo(li) ) 
For a given integral strip (13.2) satisfying (13.3), the solution is unique. Aga in, 
the region R is not defined precisely. 

(Condition (13.3) means that at no point is the initial strip tangent to 
any characteristic strip (9.7) of the equation, since along a characteristic strip 
Fp * y' - F^ * x' ” 0. If the initial strip is a characteristic strip, there is 
no unique solution to the problem. See Courant-Hilbert, p. 69.) 

Gross^, and others, widen the concept of a solution of (6.2) by con¬ 
sidering it to be a 2-dimensional manifold in (x,y,z,p,q) space, such as (13.4) 
which is the solution of (6.2) and the equations: 

2x“pax + q^,aA“pax^q^ 

ou ^ ou ^ ^ ^ 

He obtains existence theorems, and discusses singularities, but such generalized 
solutions are not within the scope of this paper. 
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Under the assumptions that solutions exist, there are other methods 
of obtaining them - such as the Lagrange method of complete integrals (see 
Courant-Hilbert) oi the method of first integrals (Courant-Hilbert or Kemke^, 
pp. 362-373) but these are not existence theorems and so are not included here. 

For n*^! independent rariables, the statement and solution of problems 
G, I, C are direct generalizations of the problems for 2 independent Yariables, 
where z * g(y) is replaced by z ” gCyif^iy^) «nd, in problem C, x • h(y) is 
replaced by x ” h(yi,...,y^), (see Goursat^, and Germay^, for analytic solutions.) 
In problem C, the generalization of the initial curve F in terms of a parameter 
is an n<-dimexisional manifold 

(13.5) X “ x^(Hi,... y£ = yi*^(iAo, ... .M^), z “ z(^i,.. . 


where 


^ ... ^yp° 


is of rank n. If the determinant 


®Ll.| 


0, one cen solve n of the equations (13.5) 

for and substitute in the other 2, and use the methods of section 8 to get 

the corresponding problem C; then investigation of the function F will determine 

whether or not the problem can be transformed to problem IN, and the theorems of 

section 11 applied. Or one can get a strip manifold F, from (13,5) by adding 
0 0 o 

functions p ,qi,...,q^ of Uof^fP^n such that 


Fix ,yi,...,y„,z ,p ,qi,...,qn) “ 0 in (ui,..,^^) 

(k”l,..,n) 


^ 

If F is a function of class in a 2n’*'3 dimensional region U, containing a strip 

manifold F, of the above type, where all functions involved are of class and 
where 


qi 


■ I ijf Ik •••• Is 

k k '■■■ ^ 


0 on Fi , 
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there exists a solution of 

F(X, yi,. •, Yjj, z I » 



0 


in a neighborhood of [xo (^ll, .. , • • •»»• • • * which passes through P, 

(Courant-Hilbert, v.2, p. 86.) The solution is unique for a giver, strip Pi. (As 

in 2 dimensions, if A * 0 on Pi, then Pi must be a characteristic manifold in 

order that there be a solution of the problem, and in that case, there are an 

infinite number of solutions. 

D, Linear and Quasi-- linear Equations 

14. Quasi-linear Equations - General Properties. 

For the quasi-linear equation 

a(x,y,z) + b(x,y,z) c(x,y,z) * 0 

Ox ^ 

the characteristic strip equations can be simplified, as they were for the normal 

form; hence one applies the term characteristic equations to: 

X* •** a(x, y, z) 
y' = b(x,y,z) 
z* * c(x,y,z) 

These equations have special properties, which we shall discuss for n***! dimensions, 

since they are readily comprehended. 

Let f^(yi , .. . ,yjj, z) (v * 0,l,2,...,n) be continuous in a region U of 

(n+1) dimensional space, and form the quasi-linear equation: 
n 


(14.1) ^2^ f'^(yi ,... ,y^,z) * = fo(yi,...,y^, z) 

The characteristic equations of (14.1) are the (n**-!) ordinary differential equations, 
in the (n'''2) dimensional space of (t,yi,... ,y^, z): 

(14.2) Vv' = f''(yi.y„,i) 

*' - f°(yi.,..,y„,z) 

Each solution of this system: 

(14.3) yi * 01 (t), ... ,yjj * ^^(t), z “ 0o(t) 
is called a characteristic curve of (14.1) 

THEOREM 14.1: If 0(yi ,... ,yj^) is a function of class in a region R and if for 
every (yi,...,yn) eR, (yi....,yn» * “ <^(yi. • • • * * <^(yi • •• • .Yn^ 

a solution of (14.1) if and only if through every point of the surface z ® 0(yi....,yn) 
there passes at least one characteristic curve (14.3) lying entirely on the surface. 
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Proof; K«mke‘, pp. 330-331. One can verify this directly. 

For the homogeneous linear equation 

(14.4) S f'*(yi.yn) §11 “ ® 

v»l " 

the characteristic equations become: 

(14.5) Yv' - ^(yi.....yn) (V“l....,n) 

t' - 0 

(usually when one speaks of the characteristic equations of (14.4) one 
omits * 0)i and hence the characteristic curves are: 

(14.6) Yi - <Pi(t).... ,y^ » s • c 

Again the term characteristic curve is often used for the projection of 

(14.6) on z ” 0: 

(14.7) yj - (I)i(t),...,y„ • q>^(t). 

The above theorem becomes: 

V 

THEOREM 14.2 If f (Yif-^fYn) (v*l,...,n) are continuous in G and 

if 9(yii*«*iyn) i® ^ function of class in R < G, then z * <P(yi>•••lYn) 
is a solution of (14.4) if and only if qp is constant along every charac¬ 
teristic curve, that is, if and only if qp[qpi (t),... ,(p^( t)] * constant 
for every curve (14.7) 

Proof: Kamke^, p. 321-322. Easy to verify directly. 

The solution of non-homogeneous equations (14,1) can be reduced 
to the solution of homogeneous linear equations (14.4) but in one higher 
dimension, by the following: 
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THEOREM 14,3 Let f (Vi,...ly^,z) (v*0, 1 ,.•.,n) be continuous in U 
and let («) * (p(y f*..,y|^,z) be a solution in U of the homogeneous 
equation; 

(14.8) - f°(y ....,y„.*) ' ^ “ 0. 

Suppose there exists a function (p(yi»...»y,^) of class in R such that 

for all (yi.y^) eR, (y^,..., y^^, z * <p(yi. • • •»y^)) cU, and such that 

'yCyi* • • • »y„.^(yii • • • #yn)) : C, some constant, in U, while ^y^Cyi,...,y^. 

<P(yi»• • • »yn)) 0 in any subregion £ R. Then z = <P(yi»• • •»yn) ® 

solution of the non-homogeneous equation (14.1) in R. 

That is, if we obtain a solution of (14.8) and set \y(yi »• • • iy^f 
z) * c then if i 0, this defines implicitly a function z = <p(yi»• • •»y^) 
which is a solution of (14.1). 

Proof: See Kamke^, p. 332. The result is found also in many other places. 


The totality of all solutions of the homogeneous equation ( 14 .4) 
can be obtained from a system of (n-1) solutions called a principal system 

of integrals in R of (14.4) these consist of any (n-1) functions. 

1 2 “"1 

(14.9) \|f (yi,...,yn)» ^ (yi»...»yn)»• • •» v (yi.---.yn) 

such that each \y (yi,.-.,yn) is of class in R, and z = \|f (yi,...»y,j) 

is a solution of (14.4) in R, and such that the matrix 

(i"*!,... ,n-l; k=l,...,n) 

has rank (n-1) in every subregion R^ < R. 


Syj^ 


V 

THEOREM 14.4 Let f (yi,...#yn) (v=l,...,n) be continuous in R and not 

vanish simultaneously (identically) in any subregion R^ < R. Then any 
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n solutions of (14. 4 ). of class are dependent on each other, and the 
totality of all solutions of (14.4) of class in B is just the totality 
of all functions of class A^ which are dependent on the principal system 
of integrals (14.9) , 

Proof: See Kamke^, pp. 322-324. 

In a similar manner, the process of getting solutions of the 
equation (14.1) as described in theorem 14.3 yields all solutions by 
taking all possible \|f's and all possible C's, as is shown in the following: 

V 

IBECBEM 14.5 Let f (yi 1 ••• 1 yn*z) (V”0, 1 ,••.,n) be continuous in U and 

V 

suppose that for V”l,.,.,n, f (yi, • • • ,y||, z) do not vanish simultaneously 

at any point of U. Let the homogeneous equation (14.8) have a principal 

1 

system of integrals in U: \|r (yi,... ,y„, z),... ,\|f (yi,... ty^, z). 

9 (yi>***»yQ) in a function of class A^ in R such that z ” 9 (yii*-*>yi|) 
is a solution of (14.1) in R, then for every bounded closed subregion 
Ri < R, there exists a solution u) * r(yi,. •., y^, z) of the equation (14.8) 
which is not identically 0 in any subregion Ui < U and for which 
r(yi,...,y„»q>(yi,...,y,i)) = 0 in R^. 

Proof: Kamke^, pp. 333-334. 

For the homogeneous equation in two dimensions, which we can 

write: 

(14.10) f^(x,y) ^ + £*(x,y) ^ * 0 
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the characteristic equations become: 

(14.11) x' • f*(x,y), y' * f*(x,y) (and z' * 0) 

It will follow as a consequence of theorem X4.2 that if we have a 
solution z ” q)(x,y) of 14.10 intersection of the surface z * (p(x,y) 

with a plane z ” c is a characteristic curve and if a characteristic 
curve has one point in common with z * (p(x,y), it lies on the surface. 
Furthermore, the system of principal integrals (14.9) reduces to a 
single function: \|^(x,y) is a principal integral of (14.10) in R if it is 
of class in R, and z = \K(x,y) is a solution of (14.10) in R, and 
\|/(x,y) is not constant in any subregion of R. 

Theorem (14.4) means then that if f^ and f^ are not simultaneously 0 
in any subregion R^ <. R, the totality of solutions of class of (lA.lO) 
is just the totality of functions dependent on \{((x,y) in R; if X(x,y) is 
a solution of class A^ of (14.10)» then a}(X(x,y)) is also a solution if 
(i)(u) has domain including the values of X(x,y), when (x,y) eR. 


The results of this section are not existence theorems, but as 
with Section 9 are useful adjuncts in getting solutions. It is evident 
also, that results on existence of principal integrals are fairly im¬ 
portant, so we give those first. Such theorems are denoted by P; if 
equation is in normal form, we use PN. 


15. Existence of Principal Integrals 

The homogeneous linear equation in normal form is: 

< 15 . 1 ) X . 


0 
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Its characteristic equations are: 

(15.2) y^' . f'’(x,yt.y„) (v-l,...,n) 

where as wii)» general equations in normal form we set x ■ t since 1 . 

In Section 6 we found that there is a unique solution 

(V”l,...,n), passing through every point (£ >... of a region S. 

Indeed, if we write the solution for every such point: 

V 

(15«3) y^ * $ (^5 1 # • • • j|) (^"l»»»»i*^) 

then we have the so-called'character it tic functions of 15.2. By theorem 
6.4 as functions of n 2 variables they are of class in an appropriate 


region and the determinant $ 




> 0. Furthermore, they satisfy the 


differential equation: 


+21 (g,ni.....n 

^=1 




♦" 


« 0 (v=l,...,n) 


Hence we easily arrive at the following basic theorem: 


THEOREM 15.1 


(a) Let Xo be a fixed point in L: a<x<b. 

V 

(b) Let f {x,yi,... ,yjj) (v=l,...,n) be bounded and continuous 

V 

and let fy^ (x, yi, . .. , y^^) be continuous in: 


R; a<x<b;-«<yi,y 2 ,,..,yn < + « 


Then there exist functions \|r (x,yi.y^) (v*l,...,n) such that: 

V 1 

(а) \|( are of class A in R 

( б ) V^^(x,yi.Yn)* •••»v”(x,yi,...,y„) form a principal system 

of integrals of (15,1) in R. Furthermore, |25|L.| > 0 in R. These prin- 
cipal integrals are given by: 


(15.4) \|f (x,y ,...,y„) E $ (x°; x,y ,...,y^) (v»l.n) 





where the ^ are defined in (15.3). 
Analogous to the lemma on Page 43 we have: 


LEMMA: Let f(x,y ) be continuous and bounded ani' f (k*l,...,n) 

be continuous in a region: 

Rq: a<x<b,ci<yi<di,...,c^<y^<djj 

Then for every 6 with 0 < 6 < min , there is a function f(x,yi,... ,yjj 

defined in B which is continuous, bounded and has f^^ continuous in R and 
coincides with f in Rq^: a<x<b; c^+6<y£<d£-6 (i=l,,..,n). 

If £ A in Ro, then |fy|^| 1 A in R. 


Proof: Kamke^, p. 327. 


Using this and theorem 15.2 E^t: 

THEOREM 15.2 

Let f^(x,y^,...,y.) be continuous and bounded and f^ continuous in Rq, 

defined above. Let a<Xo<b, and let Rj be: a<x<b; Cj^y^<d^ where 

c^<c^<d^<d£. Then there exists a principal system of integrals 
V 1 

V (x,yi,... .y^j) (v=l,...,n) of class A in Ri of (15.1) and with 

> 0 in Ri. 

(When n = 2, Rodebaugh^ extended this result to doubly and triply 
connected regions.) 

When the equation is no longer in normal form, this result has 
been extended by Kamke* and Digel® for n * 2. Indeed, Kamke proved a 
result for non-homogeneous linear equations: 
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THEOREM 15.3: Let f^(x,y) and f*(x,y) be of class in R, and let (f^)* + 

2 2 

(f ) >0 everywhere in R. Then in every connected subregion Ri in the 

1 2 

interior of R, in which f and f are bounded, there exists a principal 
integral z ” Y(x,y) of (14.10), that is, a solution of (14.10) of class 
with Vy*> 0 in R. 

2 

Proof: Kamke . 

THECX^M 15.4: Let f^(x,y) and f^(x,y) be of class A^ in a neighborhood N 5 

of (0,0). Let the characteristic equations (14.11) have only closed integral 
curves of N. Then there exists a principal integral z ^ VK(x,y) of (14.10) in 
the deleted neighborhood N^(all of N except ( 0 , 0 )). 

2 

Proof: Digel . 

THEOREM 15.5: Let f»(x,y) (i-0,1,2) be of cletf a‘ in R, and let (f^)®+ 

0 in R. Then in every subregion Ri in the interior of R, where and 
f^ Are bounded, there exists a function <p(x,y) such that 2 - <p(x,y) is a solution 
of: 

f®(x,y) + f®(x,y) - f®(x,y) 

2 

Proof: Kamke . 

16. Solution of problems N and IN. 

THEOREM 16.1: (a) Let xo be a given number in L: a<x<b and let g(yif*y,|) 

be a function of class A^ in T: C£<y<dj^ (i*l,...n). 
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(b) Let f^(x,yi,.•.,y ) be continuous, bounded, and let 
be continuous in Rq ” L x T. 

Then in every subregion R: a<x<b, c^<y^<d^, where c^< c^<dj^<d^, there 
exists a function (p(x, y^ y^) such that; 

(oil) cp(x»yi»• • • lYn) class in R 

(3i) z =* <p(x,y ,...,yjj) is a solution of: 

* v=i .° 

(Yo) For all y in T: Ci<y£<di q)(xo,yi.y„) i g(yi....,y„) 


V V 

Proof: By lemma of previous section, extend f to F and g to G in the 

region R; a<x<b, -*^yi i . .. iyn^**"®. Apply theorem (16,1) principal 

V 

integrals of ^ + 2 F (x,y^,...,y„) ^ = 0. Calling them ♦ (xo;x,yi,...,y„). 


set 9 (x, y X f • • • t y||) z (xo » x,yi, • • # ,yj^)] 

Kamke^, p. 328; pp« 314-317 for n^2. 


For quasi-linear equations we get: 


THEOREM 16.2 

(a) Let xo be a given number and let g(yii...iyn) be bounded 

and of class A^ in T: C£<y£<d£; let j8yj^| - > 0 in T. 

(b) Let f^(x,yi,...,yn, 2 ) (i=0,1,...,n) be bounded and 

continuous with f^ continuous in 
'k 

U: [x-xol < a: Ci<yi<di: 

Let |fj^| < Aj |fi| < A. 


.oo< £< -fco 
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Then there exists a function (p(x,yiwith the properties: 

(a) <l>(x,yi, •.. ,y^) is of class in the region R: 

I x-Xo| < ot; C£<y£<d£ where C£<C£<d£<d£ and 
“ ■ ■" '*• ’ 

O) z • <p(x,yi,... ,y„) is a solution of (14.1) in R 

(yo) vCxoiYi.•••.?„) : e(yi.---.y„)- 

Proof; Kamke^, pp. 33S-340. 

Theorem 16.1 been extended by Kamke^ to any homogeneous 
or non-homogeneous linear equation, where functions are of class A"*. We 
give results for n ^2 as well as for the general case, because of their 
importance. The change of notation is due to the fact that the f^ of 
14.1 is now a sum of two terms. As in 15 ,] . the solution of problem N 
for linear equations does not have as its domain R a region depending on 
Xq; hence there is a uniformity with respect to Xq. 

HIEOREM 16.3: 

(ajg) Let Xq be any number in : a<x<b, and let g(y) be a 
function of class A"* for all y. (m>l) 

(bjjj) Let f^(x,y) (i*0,l) and g°(x,y) be of class A® in R^: 

alx<b; -«<y<-»'« 

or more generally, let fy(x,y) and gy(x,y) be of class A"'*^ in Ri. Let 
^^(x,y) be bounded. Then there exists a function (p(x,y) such that 
(a) (p(x,y) is of class A^ in R^ . 

O) K ” 9 (x,y) is a solution of the non-homogeneous equation: 
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(16.1) ^ + f‘(x,y) ^ = f'’(x,y)z + g°(x,y) in R, 

(y) 9(xo,y) : g(y) for all y. 

Furthermore (|)(x,y) is of class in . 


CC^OLLARY: If we let z ^ (p(x,y;£) be the solution of the above problem 

for any 8, in , (that is, £ in place of Xo)» then (p(x,y;£) is of class 
A“ in the three-dimensional region R^ x j a£x£b; -®<y<+ooj af.££b. It 
is given, parametrically by the formulas: 

fy = $(x;£,n) 

{ p X n . r - 

[z = [g(Ti) + g (x, $) e“^ dx] 


where § (x;£,t^) is the solution of the equation: 

(16.3) y' ' f‘(x,y) 

which passes through (£,r\) and F = F(x,£,t^) = f°(x, $) dx. If we solve 

the first of equations (16.2) for we get = $(S;x,y). Substituting 
in the second expression, we would get z - qp(x,y;£) by a single formula. 


Proof: Kamke^, pp. 276-277. The characteristic equations of 16.1 reduce 
to 16.3 and 16.4 z^ “ f°(x,y) z ^ g°(x,y). The first equation, 16.3 has 
solution y “ f (x*,£,r\) with all desired properties. (See theorem 15. i 
Then substituting in 16.4 for y, we get an ordinary first order linear 
differential equation: 

z' ” f° [x, 4 (x;g,T\)] • z + g° [x, $ (x;£,t^)] 
which is solved in the usual manner to give the second line of 16,2 
Uniqueness and differentiability properties are then established. 
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The same result for n variables becomes: 


THEOREM 16.4 

(Sgj) Let Xo be any number in L^: a<x<b and let g(yi > • •.» 
be a function of class A"* for all Yn^-^ty^* (m>l) 

(bjj) Let f^(x,yi. ...,y„) (i=0,1,... ,m) and g° (x,yi,... ,y^) 

be of class A® in R : a<xlb; -®<yi,... ,y,^<+*; or, more generally, let 
fyj^(x,yi,...,y^) an/i gyj^(x,yi,... ,y^) be of class A®‘^ in Ri. (i*0,1,..., n), 
k*l,..,,n). Let f*^(x, y^ , ..., y^^) be bounded (i=l,...,n). Then there exists 
a function (p(x,yiYj^) such that: 

(oil) cpCx.Yi ,... jYjj) is of class A^ in R^ . 

(Pi) * * <P(Xf Yi»• • • lYn) ® solution of the non-homogeneous 
equation: (16.5) ^ f^(x,y^,... ,y^) * f® (x,yi,... ,yjj)z 

^ g®(x,yi,...,yn) in Bi. 

(Yo) 9(xoiYi.Yn) : g(Yif‘.Yn) ®ii Y* 

Furthermore, 9(x,yx,.•.,y^) is of class A® in R^. (Kamke)^ 


COROLLARY: If we let z ° (p(x,yx * • •. f Yn»£) solution of the above 

problem for any £ in L^, then (p is a function of class A® in the n**'2 dimen* 

sional region Ri ^ L^. It is given parametrically by the formulas; 

y- • $^(x;£,ni,...,T^ ) (i«l,...,n) 

(16.6) ] X o - 1 n -F . 

• e*^[g(nif.»nn) * $ ) e dx] 

where $ (x;£,7^i,... ,T\^) are the solutions of 

(15.2) Yi' - f^(x,Yi.*...Yn) (i-l.....n) 

which pass through a given (£filii • •. .n,^) • 

Since J • I J* 0 







the first n equations can be solved for in terms of and ^ and 
substituted in the last one to get z ” ?(x,yi,.. B,). Theorems 16.2 

and 16.3 can be applied to finite regions by using the lemma of Section 

14. For solutions of (16.5) liependiBg on a parameter, see Kamke*. 

The following result, given foi prohlem IN. i. sometimes useful: 
IHECXIEM 16.5 (b) Let f(x,y), g(x,y), fy(*.y). 6y(*.y) continuous in 

(Bo) 0<xla, |y| + K xlb 

b 

and suppose: |f| K, Ifyl £ L 

Igl £ ^ . Igyl £ ^ 

where a, b, K, L, M, N are positive constants and k^O, j^O. Then there 
exists one and only one function <p(x,y) such that; 

(ot) qj(x,y) is of class in Bo and 

1<p 1 < Mx***^ , 1<P„1 £ in Bo. 

(k+D! (j+D! 

Oi) z ® 9(x,y) is a solution of the equation: 

^ * f(x,y) ^ + g(x,y) in Bq. 

(Yo) V(0,y) * 0 for |yl < b. 

Proof: Perron*. As in theorem 16.2. 

^(x.y) ■ g[t,<p(t,v(x,y))] dt 

where y ' <l»(x,c) is the solution of ^y + f(x,y) = 0 for which <p(0,c) ■ 
Solving y ■ »(x,c), we get c ” '('(x.y). 
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17, Solution of quasi-linear equations, not in normal form. 

As in sections 12 and 13, when a quasi-linear t:quation is not given 
in normal form, one can reduce it to normal form by applying the transforma¬ 
tions of section 8, This is simple in case of problems G, 1, C. Ir the case 
of problem C, the projection of the initial manifold PClS.S) is 


r©: X ' y = yi(»Aii• • • .^i„) 

where the functional matrix J is of rank n, and all functions are of class 
in some set M. Furthermore, (13.6) reduces to 


fo(P) 

fl(p) 

... £JP) 

Olii 

jByi 

dy 

••• -in 




(Per) 


THEOREM 17.1: Ut x°(ui.nj,yi(ni... 

tions of class A^ in a set M, and let J ~ 



be func- 
be of rank n 


in M. Let fj (x, yi,..., y^^, z) be of class A° in G ** Cao^T, where Go is a simply- 
connected region in (x,yi,...,y^) -space and T is an open interval: |z| < L. 
For all in M, let the points of F lie in G. Let A ^ 0 for all 

^eM. 


Then there exists a function (p(x,yi,.. .y^^) 
((X) (p(x,yi,.. .y^) is defined and of class A 
(3) z ” 9(x,yi,..y^) is a solution in R of 
(17.2) fo(x,yi,...,y^,z) + ^2^ fj(x,yi, 

(y) To lies in R and vtx”(ui... .u„),yi (|ii,. 
(Statement of this theorem in Courant-Hilbert, II, p. 


such* that 

in R, a subregion of Go. 

• -yni Byj ** ^n+1^ 

• • I • •»y^( m*! t • • *s (m»i f • • I 

59-2 dimensions on p. 54.) 
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Afonin if A ' 0 along P, then if the problem has a solution, F 
a i'hnracteristic manifold, and there are an infinite number of solutions. 
This theorem does not give the region of existence of the solution, as a 
reduction to normal form does. Because of its importance, we give, the 
result for n=l: 


COROLLARY: Let Co 


x“xo(tl) 


be a curye for which [xo^^^(>i)]' 


y''yo(u) 

^ [yo^^^(u)]* / 0 for all ^cM, and where xo(4) and yo(u) are of class 
in M, (C has no double points). 

Let zo (|Jl) be a function of class A^ in M. 

Let fi(x,y,z), £s(x,y,z), f 3 (x,y, 2 ) be of class A°, for 
(x,>) e Go, where Go is a simply connected region and zeT: |z| < Z. 


Set G = Go ^ T and for all assume [xo (^) ,yo (p-) i 

zo(pt)] e G, 

Let A ® fi[xo(p')r yo(^A)] ’ yo^(4) -f 2 [xo(^), yo(iA)] 

* zo^(p) / 0 for all jiSM. 

Then there exists a subregion R £ Go which contains Co, and a unique 
function cp(x,y) defined for all (x,y) e R such that 
(ot) (p(x,y) is of class A in R 
(P) 2 ® cp(x,y) is a solution of 

fi(x,y,z) ^ + f 2 (x,y,z) ^ = f 3 (x,y,z) in R 
(y) 9(xo(^i), yo(^A)) * *o(|a) on Co. 
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E. System* of First Order Equation* 

18. In this section, the system of r equations in r unknown functions end 
S'**! independent variables: 

(18.1) Fj(x.yi. ^ ..^ ) - 0 (j-1.. 

is considered. If the functions Fj are of class at every point 
P: (x,yj,...y^.xi,pi,...py,qii,...,qy^) of a region U, if ^ are of 
0 

class A in U and the determinant 

(18.2) J ■ f 0 

and if for some in U, F-(P^) * 0, then by the implicit function theorem, 

J 

F.(P) - 0 

J 

can be solved for pi>...,P 2 . to give: 

Pj - fj(x,yi,..y„,zi,..Sy,qii,...qjip) 

where pj ■ fj(x^,y£,Zj,q£jj). (The purpose of the point P° is to obtain a 
unique solution.) Hence the solution of equation (18.1) is equivalent to 


the solution of the normal form: 


(18.3) ^ ■ fj(x,yi,...y^,zi,...7^, .) (j“l,..r) 

If (18.2) is not true throughout U, it may be that for some k', the 


determinant 

(18.4) f 0 

whence one could interchange the labels on the variables x and y|^' and again 
reduce (18.1) to a normal form. If neither (18.2) nor (18.4) holds throughout 
U, one may still effect a reduction to normal form in some subregion of U; 
indeed, it sometimes happens that U can be divided up into a finite number of 
overlapping subregions in each of which either (18.2) holds or else, for some 
k^, (18.4) is true. More common, however, is the condition that either (18.2) 
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or (18.4) hold at every point P° of U, and hence that in a neighborhood of 

the equation (18.1) can be reduced to some normal form. 

Problem C would be to determine a solution 

Zj ® (x,yi,...,y^) 

of the system (18.1), such that for a given set of functions 

(18.5) X ' .H„); y£ • ... ,H„): zj • zj (Ui,... ,H„), 


of class A in a region M, where 




is of rank n in M, 


<Pj(x®(u) ,y?(li)." »j (*** (u) . • • • .YnCu) ) in M. 

Problem C would replace (1&.5) by an initial manifold in which the y£*s Are 
parameters: 

X = h°(yi, ... ,yjj); zj * gj(yi t.. • iyn^ 

Problem G would be obtained from this by making the surface x = h(y) the plane 

X * xo. Problem I would be obtained from C by setting h ^ 0 and each gj “ 

Problem N would be problem G for the norinel form (18.3) and problem IN, problem 

1 for the same equation. As in the case of a single equation (see section 8), 

one can show that the solutions of problems C, G, I are equivalent, that a 

solution of N is equivalent to a solution of G provided (18.2) holds, and that 

a solution of C leads to a solution of C provided that for (18.5), ^Xi f 0. 

oiljJ 

When the conditions do not hold throughout a region, it may still be possible 
to make the reduction of problem C or C to N in the neighborhood of every point 
of a region and so use the existence theorems below to obtain local solutions. 
(See Goursat^, Germay^) 

THEOREKf IH.l: (a®) Let (x° ,y?, ... ,y° ) be a given point and gMyi,...,yn) 

(i * l,2,...,r) be functions of class A® in a neighborhood of this point. 

Set • g^(yi“. y°) «nd (yi“. y^) k=l.n) 

(hoo) Let f^(xiyi. •.. .yntZi .... • Zj..qii • • • *»* • • •» ^ ^ *• 
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be functions bf class in a neighborhood S 5 of (x^,yi, .. • ,y^). Then 
there exists a unique set of functions <P^(x,yi , •. • ,yi^) (i*l,...,r) 

such that 

Uoo) <P^(x,yi,..., y„) i» of class in a neighborhood R 5 of 
vx ,yi ,.*.,yn ) ( 1 - 1 ,...,r} 

(Po) * 9 ^(x,yi,... ,yjj) is a solution of: 

(18.3) “ f(x,yi,... ,yp,z ,..., • * •» 

(i*l,...,r) 

(Yo) <P^(x®,yi,...,yn) * g^(yi,...,yn) all yeT 5 ^. (i*l,...,r) 

Proof: Goursat^, pp. 2 * 6 . The method is exactly the same as that used for 
theorem 10 . 1 . 

Perron^ has given a result for this system analogous to the corollary 
to theorem 10 . 1 . 

THEOREM 18.2: Let (a<x}) and (boo) be given as above. Then there exist r uniformly 
convergent sequences of functions 

(x,yi,.. . ,y„) (j = 0 ,l, 2 ,.,.; i*l.r) 

of class A^ in a neighborhood of (xoiyi^i...ly^^) such that 

jim 9 ^J(x,yi, .. .,yj|) • 9 ^(x,yi,..., y„) (i*l,...,r) 

satisfy , ( 3 o)f (Yo)» and hence are the unique functions of theorem 10 . 1 . 
Proof: Germay^, pp. 31ff. The method of proof is the same as that for 


theorem 10 . 2 . 
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The quasi-linear equation ayatem, where F|j^ ■ . .y^^, 2 i,.. rj.): 

(■8.6) j fI, aji, ; ; j ^. j 

3. k-l i-l 8,1^ » 

can be reduced *to normal form: 


(18.7) 9z* +2 2 -T? “ f"^ 

k-i i-l II- '• 


ax 


provided either (18.2) or (18.4) is satisfied, that is, provided 

^ 0 


r* 

^0 or 


io 


ik' 


in a region U, or in some subregion of U. 

If one can establish the existence of a solutioik of problem N 
for the quasi-linear system (18.7) one can solve the corresponding prob¬ 
lem N for the non-linear system (18.4) by finding the solution of the quasi* 
linear system in unknowns Zj,q£|^: 


^ =f* + If 0,. 

OX *k |'~1 *h —“ 

®yk 

* h=l in=l ^‘Ikm ■ 

ayk 

with auxiliary conditions: 2j(x°,y), • y^^) = g*^(yi»• lYi i •'Yn) 

end then showing that for the solution: *lik*^ ik^^ 

9yk 


Then z*®9-(x,y) is the solution to the given iioblem. Indeed, this was 
J J 

Kowalewski's original method in establishing theoreni 18.1. 

Nagumo^ used this method to establish the existence of a solution 
of problem N for (18.3), where the functions f^ are of class A° in x and of 
clasn A® in the other variables; he takes x real and the others complex. In 
order to prove the existence of a solution for (18.7) he makes use of Schauder s 
fixed-point theorem. 
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19, For 2 independent yeriablee, equation* (18.1) become: 

(19. J) . .. 1*^.1^....,^) “ 0 (i-1. p) 

When all FMx,y, zi,..., i.,pi, •.. ip-tq! •... »q.) ere of claas in U and either 

1.1 

^ ^ ^qJ ^ ^ throughout U» the system can be reduced to the normal 


(19.2) ^’iHx.y.u ..p, (i-1. 


When f 0 or F^^ J* 0 at every point of U, a reduction to normal 

form can be made in the neighborhood of each point. 

Aaaociated with (19.1) is an equation called the characteristic 

equation: 


Pk % 


which for the normal form (19.2) becomes: 



fii-a 

fl2 

... fi« 




(19.3) 

fai 

fs.-a 

... n 

- 0 




^ni 

^na 

... 

nn 




For a fixed point P in U, 

this will have n 

roots: ot*a 

'1 f * • • • 

•“n- 

If they 

are all distinct and real, 

(9.1) is said 

to be hyperbolic at 

P; if 

not, the 


terminology as to whether the system is called elliptic or parabolic at P 
is'not always uniform. If the system is hyperbolic at every point of a region 
U, it is called hyperbolic in U. 

For the quasi-linear system? 

(19.4) ^2^ ^$2 b2^(x,y, u ,..., s^) 


■ C£(x,y, *1,... fij.) 

which in normal form becomes: 

(19.5) ^ + ^2^ biK(x,y,*i, ...,ip) ■ c^(x,y.xi.Xp) 
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the characteristic equation depends only upon: (xiy,zi,...z^), so one can 
speak of the aysteii being hyperbolic, or not, at a point Q: (x, y, zi,... z^) 
or in a region .S of the (x,y,ziz^)-space. Finally, for the seni-linear 
equation: 


(19.6) aiK(x,y) ^ ^ - Ci(x.y,zi.z^) 

which in normal form becomes 


(19.7) a., az, 

the characteristic equation becomes 


^ K-1 ^ * Ci(x,y,zi,...,z^) 


lai^(x,y)-0 + bj^(x.y)| ■ 0 


which depends only upon (x,y) so that one can consider the system (19.6) as 
being hyperbolic or not at a point of a region R of the (x,y) plane. Indeed, 

in this case, any curve: x “ xo(^), y ■ yoCu) through the point (x°,y^) 
such that ~ point is said to have a characteristic direction at 

(x^,y^). When (19.6) is in the special form which has only one unknown in 
each equation: 


(19.8) a^(x.y) = «hc(x,y) (k« 1.r) 

the characteristic determinant is in diagonal form, so the characteristic 
r 

equation becomes: ^ ^ und, when a^^ 0 the roots of this 

equation are just -Ot^ a - b^ . 


Holmgren^ showed the existence of a unique solution of the problem 

of Cauchy for the homogeneous linear system, obtained from (19.7) when 
r 

C£ ■ ^2^ C£n(x,y)*z^ in case the initial curve Co: x*xo(li) ,y*yo (ia) was not 
tangent to a characteristic direction at any point and the equation was hyper¬ 
bolic. KFo? the case r ” 2, Carleman^ obtained some results for uniqueness of 
solution in non-hyperbolic cases.) Perron extended the work of Holmgren to ob¬ 
tain the existence of a solution of problem IN, .in the large, for (19.6), by 
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first considering a system of the form (19.8); the results are given in the 
next two theorems. 


IHEOREM 19.1 

V V 

(b) Let F (x,y) and G (x,y, Zi,..., (v*l,...,n) be 

continuous in Bq • 01x<a, |y| ^ Kx<b 

and ; 05.x£a, |y| + Kx<b, |z^j <c (v®l,...,n) respectively, where 

V V 

a, b, c, K are positive constants and |F (x,y)| £ K. Let |G | < M, 

V V 

for some constant M. Let F^ exist and be continuous in Bq and Gy , 

V V V 

^z^» continuous in (X,^i,v= 1,... ,n). Then there is 

exactly one set of functions cp^(x,y) (v=l,...,n) such that: 

(a) <P^(x,y) is of class in 

Bfi! 0<x<a, |y| + Kx<b where (X * min (a, and 
l9v(*iy)| 1 e 

O) Zy ° <Pv(x,y) is a solution of the differential equation 

system: 

(19.9) |!3!. • Fy(x.y) (V=1.2.n) 

(y) : 0- 


Proof: Perron , pp. 557-562. 

Set (py Q = 0 (v»l,..,,n). Then define 9v ® 

recursion relation, namely, that it satisfy 

* F\x,y) + G'’(x.y.<l'i,„,(x.y).<Pn.n,.(*.y)) 

(v*l,...,n) 

Because of the result on page. 5 j this is possible, and indeed, it turns 


out that 
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I'^v.mn -<I’v,n,| = ®s • 

Hence, 

00 

9(x»y) * li® <Pv ni(*»y) “ m(*»y) exists, since the 

series converges absolutely and indeed uniformly. This will be the 
desired system. 

This result can be generalized: (Perron^). 


™E0REM 19.2 

V|1 2 ^2 

(a) Let f (x,y) be of class A (except that o f- need not exist) 

Hx 

in the region (v-l,...,n) 

V 2 

(02) Olx<a, |y| <b and let g (x,y, z^,..., Zj^) be of class A 

^2 2 ^2 2 \ I • 

(except that p g . O g need not exist) in the region 
OxCy OxOz^ 

(Bg) 0<x<a, |y| <b, |z^j < c where a, b, c are positive constants, 
(c) Let the characteristic equations: 


.11 



-a 

f .... 

f 

.21 

22 

2n 


1 

f 

nl 

f""*. 

nn 

.f 


•a 


have real distinct roots and let these roots F (x,y) (v*l,...,n) have 

|F\x.y)| < K. 


Then there exist functions ^^(Xfy) such that; 

(ot) 9 y(x,y) is of class A^ in 

(B*) 0<x<a‘, ly| + Kx<b where 0<e'<a and < c 

O) *v “ (V"l,...,n) satisfies the system: 
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(y) 

The eolution is unique. 


Proof: One can find a matrix ll^iillnXii that 






ij ' ‘n^n 
"‘as ® 




where ai,...,a^ are the roots of the characteristic equation and such that 

n 

Pjj and its derivatives are continuous in R. Hence 2 PXv^v^A * 


Under the transformation * 2 PX|^*jji which inverse * 2 OyX^^X» * 

solution of (19.7) would transform into a solution of 

^ »A - -A ^ »«> 

which is an equation of the type considered in the previous theorem. 


In the non-normal case, we first give an existence theorem ahich 

does not deal with problem C but is analogous to the theorems for principal 

integrals given in section 15. The equation (19.9) is the case r ° 2 of 

(19.8), so that its characteristic equation is (fia+£j)(f80+^) ■ 0 which 

12 12 / 

has two distinct roots provided f^ f^ * ^2 thus the hypothesis 

of the theorem insures that the equation is hyperbolic throughout P. 

THEOREM 19.3; Let fy^(x,y) (i*0,l,2; v*l,2) be of class A“(is>l) in R, a 

12 12 

simply-connected region. Let fi f 2 - fs fi >0 in R. Then in every 
bounded region Ri in the interior of R, there exist functions <Pv(x,y) 
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(V"l,2) which are of clasa A** and auch that • »^(x,y) are solutions 
in Ri of: 


(19.‘l0) f/(*.y) + £v*(x,y) |fll ■ f^^x.y) 


(v-1.2) 


COROLLARY: Under the hypotheses of the theorem, in every Ri, there 
exist, functions U(x,y) and V(x,y) such that U^^Vy - V^^Uy > 0 in Ri, U 
and V are of class A® in Ri, zi ■ U(x,y) and Z 2 ’ V(x,y) are solutiot>s 
of: 

fv‘(x.y) ^ + f^*(x.y) « 0 (v=l,2) 

and the region Ri is mapped in a 1-1 fashion on a region of the U-V plane 
by zi ■ U(x,y), Z 2 ■ V{x,y). 


3 

Proof: Kamke • 

The next theorem applied to a special case of (19.4). Some 
details of the proof are given because the method has been used in many 
situations. 


THEOREM 19.4: (g) Let a(zi,Z 2 )a b(zi,Z 2 )» c(zi,Z 2 )» d(zi,Z 2 )» e(zi,Z 2 )» 

f(zi,Z 2 ) be functions of class A^ in the interior of a region F. 

(b) Let the line segment L in the (x-y) plane be defined 
parametrically in teims of arc length as follows: 

X ® - \ for all where M: And Xi<0<X2 

71 “ 
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[Hence x+y * 0, x < * Xq , y 1 ^ ■ Yoi *0 + Yo * 

V2 V2 ^2 


(c) Let Zi^(X) and Z 2 ^(X) be functions of class in M, such 


that 


(zi (X),Z 2 (X)) e S and such that 

I aui ^a;,Z2 K^)) D^z 
A 


s(zi°(X).Zj°(X)) 

b( z 

c{zi®(X).Za“(X)) 

d( z 


>6 > 0 on M. 

).X2"a))l 

Then there exist (Pi(x,y) and such that 

(a) 9i(x,y) and (P 2 (x,y) are continuous in a region R: x-^y^O 

O) Xi ^ 9i(x,y) and Z 2 are solutions of the system 

of equations: 

a(Zi,Z2) **■ b(zi,Z2) 2^ * f(xi.*2) 


(19,11) 






c(2i,*a) + <l(zi,Zs) » gCzi.Za) 

Oy Oy 


(y) <Pi(^ -K) ’ z-^CX) on M; that is, <Pi(x.y) * »;°(X) when (x.y) 

Ul h ^ J J 


lies on L. 


Proof: H, Lewy^. It ^a based upon method of finite differences: 

the (x,y) plane is covered by a square grid of mesh h: x - ^h, y = vh, 

(^,V ‘ 0,±1,±2,...) and 16.1 is replaced by the system of difference 
equations: 

a^v^*1^1+1 ,V"**piv^ ^ ^"*a|iV^ 

(19.12) 

^ + ^ ^ ^ *2|l,V + l"*2p,v ^ 

where z^^y = (Pi(^h,vh) and Z2^v * <P 2 (^Jlb,vh) and a^^ = a(^h,vh),..., 

“ g(^h,vh). To determine Zi^y and Z 2 ^v to formally satisfy (p) and (y): 
on the line l, we have lattice points (^h,-^h), so by direct substitution 

in (y). 
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° <Pj(lih,-tih) = ij°(V24h) for V2liheM. (j'1,2) 
By equations (19. 12 ) we can determine *jn+i.v+l ** *j,|i.V+l 



R(u+l)K,vh 


as is indicated in the above triangle, provided the determinant of co¬ 
efficients is / 0. By (c) this is true within a certain distance of l; 
so we can determine first the values 

points (^h,(-^+l)h) 

and then along succeeding lines parallel to L. Making the grid h as fine 
as we please, we get an approximate formula for cpj(x,y) - say (Pj^(x,y), 
holding at points of the grid. As h-»0, 9 j^(x,y)(Pj(x,y) and their 
difference quotients remain uniformly continuous in any bounded region of 
the (x,y) plane, so that q)„(x,y) = lim exists and 

**-o h 


likewise cpy(x,y) exists. 


This theorem was used by Lewy to establish the existence of 
solutions of the hyperbolic equation of second order, (see Ch. 111). He 
generalized the result to systems of n equations in n unknowns, which are 
homogeneous. (Lewy^) 


THEOREM 19.5 

(a) Let a^j^ (i“l,...,n; k=l.n) and b^ (i*l,...,n) be 
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functions of class in the interior of s certain region S. in (ZiXp)-space 

(b) Let line segment L be defined as in previous theorem. 

(c) Let Zo(X) (i”l,...,n) be functions of class in 

M such that ( Zq^ (^ ) i • • • * (^ )) ^ ^ nnd such that 

I Sij^Czo^X), ... , 2 o'X))| f 0 for XeM 
Then there exist (p (x,y) (i*l,...,n) such that 

(a) cp^(x,y) (i»l,...,n) are of class A^ in a region 
R: x+y>0 

(0) ^ (p (x,y) (i”li...,n) are solutions of the systems 

of equations: 

-ik ||3i ” bi (i*l.">): 

(Yo) When (x,y) e L, <p^(x,y) : (Kf * zo^(X) (i=l,...,n) 

^2 42 

Furthermore 9^ are of class A^, and the solution is unique (considering all 
solutions of class A^). 

Taylor ^ used the above theorem to obtain a solution Zi 9i(x,y), 

Zj ^ VaCx.y) of the system: 

F(x,y.Zi,Z2,pi,p,,qt,q9) • 0 

G(x,y,z,,Zj,pi,pj,qi,qj) • 0 

such that on a given curve, z^, , ?^i (i®l,2) take on prescribed values 

which satisfy strip equations. Again, one assumes this is done on a segment 
of a |3 * 0, so x(t), y( t),... ,q 2 (t) are functions of arc length on L. 
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Kourensky considered the same system of equations, but his work 
is a generalization of the method of first integrals, and does not give an 
existence theorem. The general equation (19.1) was considered recently by 
Cinquini-Cibrario in a paper which the author has not seen. Apparently 
she established the existence, in the neighborhood of the initial curve, of 
the solution to problen> C, under the hypotheses that be of class and 
satisfy certain Lipschitz conditionsi. The metlioc) of proof consists in re¬ 
ducing the problem to a quasi-linear system of a type considered in an earlier 
paper (Cinquini-Cibrario ); 

^ •''r' [i'l,.. . .m] ; 

Ji‘iK ’ 'i ti-m+1.r] 


For this system, which is similar to Lewy’s, existence of a solution is 

established when the initial data is given on any curve not parallel to 

either axis, instead of only the line x'^'y ~ 0. Her method is to differen¬ 
tiate the first group of equations with respect to x, the second group with 
respect to y, and then apply successive approximation of the Picard type. 

Meltzer^ considered the systeri. (19.6) but instead of taking prob¬ 
lem C or G, which assigns the values for zi,Z2,...,z^ along the same curve 

Co in the (x,y) plane, he considered the problem called the problem of 

Gouraut** which assigns the values of some on one curve and some on another. 
Specifically, he assumed that the coefficients in (19.6) are given in a bounded 
domain D, in the fii'si quadrant, which has the segments Li: 0£x<a; y • 0 and 
L 2 : x*0; 0£y<b as part of its boundary. He then obtained conditions under 

which there exists exactly one solution of (19.6) cf class A^ in D such that 
on Li, « gi(x) for i while on U , “ hj(y) for i'm+l,... ,r, 

where g^, h^ are any functions of class A , and also for which small changes 
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in the initial values result in small changes in the solution. The con¬ 
ditions he obtained, however, are too complicated to be given here. 

2 

Cinquini-Cibrario considered a similar problem for (19.13). 


20. Given a system of r equations in a single unknown function z: 

(20.1) F''(xi.x„. *, ^,.....15;^) ' 0 (v=l.r; r<n) 

a necessary condition that there exist a solution z = \k(xi , ..., x^) of class 

A* is that * 'I^x-x* which means that 

1 J J 1, 

(20.2) 2 ^ * [«^xj " PjFz''lFpj^> ■ 0 

identically in (xi,...,yj,) when z “ Pj * given the functions 

F'^Cxi , .. . jXjj, ..Pn^» condition (20.2) is true, identically in X£,z,p*, 

then (20.1) is called an involutory system or completely integrable system; 

(20.2) is called the set of integrability conditions, and the left side is 
often abbreviated by: [F^, F^] . 


If the system F'^(xj^, z,p£) ® 0 can be solved for r of the variables 
Xj^ it is customary to denote these by xi,...,y^ and the remaining variables by 
yi...ym (m“n-r). Then we write the normal form of (20.1) as: 

(20.3) " f*‘(xi.x^; yi.y.,; z; (k ' 1.r) 

The system is completely integiable, when 
f ^ 5ci ,...,Xp, yi,...,y^,z, qi, • •., 
satisfies the identities: 

(£*5. + • fi) - (fi + fi • f**) 

*i * *k * 

(20..) . [,k^ (,i^ . . fj . ,^)i . 0 

(i,k • 1,...,r) 


We give the theorems first for the analytic case and then when the 


functions are of any class A”*. 
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niEOREM 20.1 


(®oo) Let (Xi f ...,) 


and (yi°,...) be given, 


and let g(yi i #.. iy^^) be a function of class A in a neighborhood of 

(Vif-.yn,)- Set 1 ° = g(yi°. ) and (y ° .y^°). 

(bjo) Let f'-Cxi,..., Xj.; . .y^ji; z; qi,...,qj.) be of class 

A in a neighborhood Sg of (xi°,... .x^**; yi°.yiii° ; z° ; qi°, . •., q„°). 

(d) Let f^ satisfy (20.2) on page 79, 

Then there exists a unique function $(xi,...,x^; yii**'iyin) such that: 

OD 

(otflo) $ (xi,...,Xj.; yi,...,ym) is of class A in a neighbor- 
hood of Rg of the point (xi° ,..., x^® : yi° ,. •., y„° ). 

(Po) For all (xj ,... .x^.; yi,...,y^) in Rg. z = $ (x,,...,Xp; 

yi,...,yin) is a solution of the involutory, or completely integrable, or 
passive system: 


(20.3) 


^ ...y^: z; ^ ,... )Ck“l.r) 


^Xk 


yi 


(Yo) f (xi°,...,Xj,°; yj.y^) \ g(yi,... .y^,) inTg^. 


Proof: One can establish the existence by the usual method of limits, and 

majorants, but Goursat^, pp. 31-39 reduces the system to r equations of 
first order which are solved successively. (See the next theorem for anolhex 

method of obtaining solutions.) 

Germay^ has again shown that after the system has been reduced to 
r first order equations, the method of successive approximations will yield 
the solution of the corresponding system of characteristic equations, and 
so on. (His notation is identical with Goursat so comparison is easy.) 
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THEOREM 20.2; (•«+!) Let (xi^,... ,Xj.°) be given and let g(yi,...,y„) be 

a function of class (is>l) for all y. 

(b||j 4 . 2 ^) Let f ^ (xi f ■ • • f Xp! yi»***» yj| > S» <Ii»• • • t ^ (i®*l|...,r) 

be function, of class k**^’ generally, let f^ 

fj , fj, fj be functions of class A® in S: 

Tk * 

|x^-X£°l < a; -®^y|j»*»(i*l,...,r; j»k*l,...,n) 


(d) Let f^ satisfy integrability conditions (19.4) on page 78. 



Let 0 < P < 1 log (1 log 3 ) and Ot ■ min (a,P). 

^ 2n(B+l) 

Then there exists a unique function <p(xi,..., x^, yif**»iyn) such that 
(<* 2 ) 9(xi, ..., Xj.; yi»..e»y,|) is of class A* in R: 

|x£-X£^| < «, -oo<yj^<+oo (i*l,...,r; k*l,...,n) 

Oo) z ” <p(xi,...,x^; yiie*e»y||) is a solution in R of 

(20.3) » f*^(xi,... ,Xj., yi,...,y„, 2 . ,...,^^) 

(k-l,...,r) 

(Yo) v(xi°,...,Xy°; yi,...,yn) ■ g(yi,...,yn) all Yi* 
Furthermore <p(xi,..., x^, yii***>yi|) la class A® in R. 

Proof: See Kamke^. Make the transformation: 

(20.5) xj • + u • uj [i*!.r] . 

That is, set 

jp 

F(u,ui,... .Up.yi,.. .y„,Z,(3i,.. .Q,) "^Z^fPCxi+nui,... ,x°+uUp,Z,0i,.. .Q^,) 

.n,,yi,.. .y„,Z,0i,. ..0„) ■ u‘f^(x?+uui.... .x^-^uu^.Z.Qi,.. .Q„) 

[ i* 1,... r] 

Find the solution of 
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such that 

Z(0,ui,. .Uj,,yi,.. .y,) - g(yi,...y„) 

considering the U£ as parameters, by the methods of section 10. Call the 
solution 

Z “ V(u,ui , .. . ,Uj.,yi ,. . .y^j) 

(It will also satisfy Z * with Z(u,0,..., 0,y.) ® gCy^))- Then the *solu- 

J J 

tion to the given problem is shown to be: 

z®V(xi , .. . , Xj.; yi,...ym) * y( 1, xi-xi, . . ., Xp-x^; Vt $ • • 

In a footnote (p.269), Kamke says that his method is the method of Mayer 
transformations, found in Bieberbach^ and Goursat^ for the analytic case. The 
form of the Mayer transformations given in Goursat, pp.38-39 is: 

X-Ui + X?; + Ui (K»2,...,r) 

The system: 

r 

QZ * f ^ (xi+Ul , X 2 '’’UlU 2 f • . .Z, , , ) + E • f'^ 

<3ui K® 2 

Q O 

with Z * g for ui * 0 is solved, and then q>(xi , ...,x^,yi , .. .y^l^yCxa *xi »x f IxiP 
o 

,... ). This seems less useful than Kamke*s form. In the same foot- 

Xl -Xi 

note, Kamke has some comments on the other two methods for solving involutory 
systems: the method of successive equations, mentioned in the last theorem, and 

the method of solving the characteristic equations of the given system. (See 
Caratheodory, p. 64). 

As a corollary, we give the result for the simplest case - when r”2, 
and there are no parametric variables. The involutory system becomes: 

(20.7) * f^(x,y,z); S* ® f*(x,y,z) 

Ox Oy 

and the integrtebility condition: 

(20.8) fy + f"^ ^ ^z • 

COBOLLARY: Let f^.fj, be of class A^'d^lD and let ^x»^y»^z*^zz bounded 

(i«l,2) and (20.8) be valid in the legion: |x-xol<a; |y-yo|<a; .axz<^-oo. Let 
zo be a given constant. Then in the region R: lx-xol<a; ly-yolla there exists 
exactly one solution z*q>(x,y) of (20.7) which is of class A^ in R, and such 
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that 9(xo»yo) ' to* 

Proof: As in the theorem, find the solution 2 * Vltt,ui,W 2 ) of 
^ “ f^ (xo‘*’uui, yo'*'uu 2 »Z) • ui **■ f* (xo'*'uui ,yo'*'uu 2 ,Z) *U 2 
such that Z(0,ui,U 2 )”Zo, considering ui and U 2 as parameters. Then set 
<P(x,y)*V|r(l,x-xo,y-yo). (See Bieberbach, p.276 for solution nsing Goursat's 
method.) 

The lemma on page 45 will make the theorem applicable to finite regions. 
Finally, we have the corresponding result for linear involutory systems: 

THE^^EM 20.3 

(Sjjj) Let (xi°, .. . ,Xj.°) be any point in M: a£<x^<b£ (i*l,...,r) 

Let g(x,yi,.. . ,yjj) be of class A™ for all y. (mil) 

UC7 |JL 

(bj„) Let f (xi,...,Xj.; and g (xi,...,Xj.; yi,...,yn) 

(M“l,...,r; <r=l,...,n) be of class A® (mil) and let 

ua 

f (^*l,...,r; a*0,l,...,n) be bounded in T: a^<x^£b^; 

•00<yj^<+00, 

(d) Let the integrability condition (20.4) becomes, 

for the linear case. 


2 

p=i 

■ 

,vp 

- f^^ • 

yp 

) = 


2 

p=i 

(gj ' 

^p 

f"'’- 

V 

gy • 

f^^P) , 

s 


- f. 


va 


V ^ >0 V Vo n 
g„ + f g - f g 


Then there exists a unique function cp (Xj^x^; yi»...>y||) such that; 

(tti) P(xi,...,Xp; yi,...,yn) is of class A® in T 
(Po) * “ <p(Xi,... , Xj.; yi,.-.,y,i) is a solution in T of the 
system: ^-^2^ . .x^j .y„) (xj ,..., Xj.; yi,...,y„)J 

U 

+ g (xi,...,x,; yi,...,y„) (ii“l.r) 


(Yo) <p(xi°, ... ,x^ : yi,...,y„) 1 B(yi.**-.yn) for “11 y* 


Proof: Kamke *, pp. 279-282. 
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The non-normal form of the honio^cirieoua linear system: 


2 f(xi,.. ., X ) 
K«1 “ 


(i-l,...,r) 


has been discussec! when it satisfies certain conditions which make it a 
complete system" , Most of these discussions are not from the point of 
view of establishing existence theorems, and even in the definition of a 
solution of a complete system, there has been some ambiguity. Kamke^ points 
out clearly what assumptions are involved concerning the successive reduction 
by transformations, where the matrices used are of rank m<n, and that these 
assumptions need not be true. Saltykow^ discusses the question in connection 
with an investigation of just what is meant by the integrals of Lie for the 
system (20.1). Thus even when existence theorems are given for complete 
systems, such as that for the i^xi.'^tence of principal integrals (Engel-Faber^, 
p. 39) they should he carefully scrutinized, though some of them will 
probably still be true. 


21. For systems of first ozder equations, m in number, and in r unknown func¬ 
tions, the work of Meray, Janet, and Piquier is fundamental; their (oiibidera- 
tions are true also for equations of any order and hence are found in chapter 
IV. Using the methods of Janet and Riquier, but willi considerable simplifica¬ 
tion by tensor calculus notation, Thomas and Titt^ gave conditions under which 


the general quasi-linear system 


3 ^ 


.. 1 .) 


of which (19.4) is a special case, can be reduced to the regular system: 

®£iK - 2 ®*P<1 + •••• 

9x® 9xP~ 

where all the coefficients are of class A , and hence, under suitable integra- 


bility conditions, when there exists an analytic solution of the problem of 
Cauchy. 



Ill Second Order Differential Equations 


A, Definitions, Classifications, Characteristic 
Equations, Trans forsiat ions. 

22. Let F(x,y,z,P i q,r,8,t) be a function of class in a region U. If 
<p(xiy) is such that when (x,y) eR, (p(x,y) is of class in R and 
(x,y,(p,(P 3 j,(Py,(P 3 ^ 3 ^,<P 3 jy.(Pyy) eU and 

(22.1) F(x,y,<Pj^(x,y),<Py(x.y),q)j^^(x,y),(Pjj^y(x,y),(Pyy(x,y)) =0 

then we say that z * <p(xiy) is a solution of the differential equation: 

(22.2) F(xiy,z,^i^i ) » 0 in R. 

In discussing such equations, an important quantity, is the discriminant 
A » 4RT.S* 

where B * Fp(x,y,z,p,q,r,s,t) 

S * Fg(x,y,z,p,q,r,s,t) 

T = F^.(x,yiz,p,q,r,s,t). 

If in a region Ui £ U 

^A > 0 

^ A ® 0 

A < 0 
v 

everywhere, equation(22.2) is called elliptic in Ui, parabolic in Ui, hyper¬ 
bolic in Ui. It may happen that a given equation is in one of these cata- 
gories only locally - i.e. when Ui is R^: 1 x-x© I < 6, ly-y© 1^ 6.*** 

23. A quasi-linear equation of second order is obtained when 
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F(x,y, 2 ,p,q,r,s,t) : a(x,y) • r + 2b(x,y) * s ^ c(x,y) * t 
+ f(x,y,z,p,q) 

so that(22.2) becomes: 

(23.1) a(x,y) d\ + 2b(x,y) z + c(x,y) d\ + f(x,y, 2 , 

9x 95^y 3y 



Whether the equation is elliptic, parabolic, or hyperbolic will depend 
upon the behavior of a, b, c, in a region Rq of the (x,y) plane, for 

(23.2) A = 4[a(x,y) * c(x,y) - (b(x,y))®]. 

This is just the discriminant of the quadratic form: 

(23.3) a * + 2hB,r\ + cT[^ 

Hence we speak of (23.]) being elliptic, parabolic or hyperbolic in a 
region of the (x-y) plane. In many applications, b(x,y) 5 0> so that 
the equation (23.1) becomes: 

(23.4) a(x,y) 3lz + c(x,y) d\ + f(x,y, ) = 0 

^ a/ 9x ay 

LEMMA 1: Given equation (23.4) where a(x,y) and c(x,y) are defined and 
continuous for (x,y) eRo the equation is elliptic in R^ < Rq if and only 
if a ^ 0 everywhere in Rj, cf 0 everywhere in Ri and a and c have the 
same sign; it is hyperbolic in Rj < Rq if and only if B.f 0 everywhere in 
Rj, c/ 0 everywhere in R^ and a and c have opposite sign; it is parabolic 

in Ri if a J 0 or if c ; 0 in Ri. If in addition, it is required that 
a and c do not simultaneously vanish in R^, then if a ^ 0, c ^ 0 every¬ 
where in R^ and conversely. 

Another important special case of (23.1) occurs when a(x,y) * A, 
b(x,y) = B, c(x,y) * C and these are all constants, for then the classifies- 
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tioa of(23.1) same wherever f(x,y,z,p,q) is defined. If this 

occurs for (x,y) eRo> and we assume A, B, C not all Of we have: 

LEMMA 2: Given equations 

(23.5) A * 2B Sli_ ♦ C + f(x,y,z,3i , * 0 

§7^ ax3y §7 9* 9y 

if AC < 0, (23.5) hyperbolic; if AC = 0, B ^ 0,(23.5) is hyperbolic; 
if AC = 0, B * 0,(23.5) i® parabolic; if AC > 0, B * 0,(23.5) is elliptic. 
(Hence, the only case where relative size of coefficients, as well as their 
signs, enters is when AC > 0, B / 0; if(23.5) is hyperbolic and B = 0, then 
AC < 0; if (23.5) is parabolic, then AC ^ 0; if (23.5) i® parabolic and B = 0, 
then AC * 0; if (23.5) i® parabolic and AC = 0, then B =* 0. 

In the general case of (23.1) one cannot make statements which are 
as definite as either lemma 1 or lemma 2. We can say that a * c < 0 in 

“^(23.1)^® hyperbolic in R^ ; ac < 0, b 0 everywhere in R^—^ (23,1)^® 
hyperbolic in R^; conversely, if (23.1)1® elliptic in Ri, then ac > 0 in R^ 
and hence a 0, c 3^ 0 in Ri; if (23.1) i® parabolic, a ' c > 0 everywhere 
in R^; if (23.1) is parabolic and a • c ^ 0 everywhere, then b 0 every¬ 
where; and if (23.1)i® hyperbolic and a * c ^ 0 everywhere, then b 0 

everywhere. 

Another specialization of (23.1) would occur if 
f(x,y,z,p,q) : d(x,y) • p + e(x,y) • q + g(x,y) * z - h(x,y); 
the resulting equation is called a linear equation o/ second order; 

(23.6) a(x,y) 0lz + 2b(x,y) 9^ z + c(x,y) 8% + d(x,y) ^ 

8x 9x9y 9y 9x 

+ e(x,y) g(x,y) z • h(x,y). 

If h(x,y) I 0, it is homogeneous. Here again, the first three coefficients 



may be constant, or the fiist six coefficients may be constant, ir all 
seven may be constant. 
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A type of equation which is not quasi-linear but which has been 
studied to a consiclerah]e extent is the Monge-Ampere equation which is 
(22.2) where 


(23.7) F * a + br + cs + dt + e (rt-s^) 

and a, b, c, d, e are all functions of s, y, z, p, q. (When e ^ 0, this 
equation is called, by some writers, a quasi-linear equation.) 

(23.8) ^ = fCx.y.z. . 1%) 


can be called a normal fnin. of (22^2). A similar form is: 

= fCx.y.z. . ^) 

Another kind of normal form would he: 

(23-9) * f(x.y.z, ^ . 1^) 


given (22.2) if F^., F^, F^ do not vanish simultaneously at any point of U, 
then in the neighborhood of a given point, (22.2) can be represented by one 
of these tliree forms. 


24. We call a set of eight elements (xo,yo>zo,po,qo»ro»so,to) a surface 
element of second order and consider it as defining at each point (xoiyo>zo) 
a paraboloid: 

(24.1) z-zo ■ po(x-xo) qo(y-yo) Kro(x-xo)* so(x-xo)(y-yo) 

+ Xto(y-yo)* 

By a strip of second order we mean a totality of surface elements 

(24.2) x(ti), y(li), z(n), p(li) , qW, r(ii), s(ii) , t(n) 
which are of class A^ for and satisfy certain equations whicl. will 
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(24.3) 


insure that when the strip lies on a surface z • <p(x,y), that isi when 
z(n) “ <p(x(ti) ,y(u)), p(4) “ 
q(n) • <Py(x(n) ,y(>i)) 
r(u) * <P 353 t(x(u) ,y(li) ),s(ii) “ •PjjytxCii) ,y(n)), 

t(u) = VyyCxCli) ,y(u)) 

then we can di Plfrentiute twice continuouftJyi and be consistent. 

Thus from the first three, differentiating with respect to \i, 
(dropping |i in the symbols) 

z' * . x' + cpy . y' and hence z' * p • x' + q * y' 


• ^xy^^ hence p^ = r 


s • y 


q' » . x' + . y' and hence q' - s * x' + t * y' 

(provided (p is of class ). 

Thus we can say a strip of second order is a set of elements 
(24.2) of class such that for all ^6M, 

z'(u) = p(u) • x'(^i) ^ q(n) • y'U) 

(24.4)/ p'(u) * r(li) • x'(4) + .(ii) * y'(li) 

q'(^i) • s(n) • x'{n) + t(li) • y'(li). 

By a procedure analogous to that used for first order equations 
one could set up conditions for characterxst iv strips which should be 
tangent to a direction cone, contain surface elements of second order, and 
, have the direction of initial strips. This geometric reasoning is un¬ 
necessary for us here, so we simply write down the analytic definition 
(see Kamke^, pp. 379-383 for deiivation - or rather justification). 

A set of elements (24.2) is called a characteristic strip of the 
differential equation 

(22.2) F(x,y,z, 2i, £Lt, 2 Ljl.i ^^ ) * 0 

dx dy dx^ 9x8y 0y* 
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if it is of clttss A for neM, lies in the domain U of F(x, 

for all ueM, if x • x{\i) , y - y(ii) , t - *(u).t • t{u) 

solution of the six differential equations: 


(24.5) 


2 * px 


qy 


* rx' + ay* 

* sx' + ty' 

Xx'*+ Ss^x' + R(r^x' - s'y^) 
Yy'®+ Ss'y' + T(t'y' - s'x') 
Ry'*- Sx'y' + Tx'* = 0 


yi*.Ptq.r,a,t) 
constitute a 


where 


R » Fj., S ^ Fg. T » F^. 

X - F^ + pF, + rFp + sFq 
Y * Fy + qF, ^ sFj, + F^ 

and finally if [x^(^a)]^ + [y^(^)]* ^ 0 everyvvLere in M. Comparing the 
first three equations with (24.4) we see that a characteristic strip is 
a strip of second order. 

An integral strip of equation (22.2) is a strip of second order 
(that is, (24.2) satisfying (24.4)) such that 

(24.6) F(x(n), y(n), z (|i) ,.... t (n)) “ 0 in M. 

Py (24.3) and (22.1) this means that z = 9(x(^) , y(n) ) will be a solution 
of (22.2). (An integral element of (22.2) is an element of second order 
such that F(xo>***ito) ~ 0.) 

Yhe two basic theorems arc the following: 

THEOREM 24.1: If F(x,y,z,p,q,r,s,t) is of class A^ in U, then along cve 2 > 
characteristic strip of (22.2), F(x,y,z,p,q,r,s,t) is constant. Hence, if 
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a characteristic atrip contains at least one integral elenenti it is an 
integral strip of (22.2). 

'IHE(»EM24.2:If F(x.t) is of class in U and if F® + R* + S* + T* > 0 

in U« and if s * (p(x,y) is an integral of (22.2) lying in Ro and of class 
there, and if A * 4RT -S* < 0, for every surface element of second order on 
X ” 9(x,y), then through each integral element (xo>..s»to) of z ^ 9(x,y), 
there is at least one characteristic strip containing this surface element 

(say for (i ^ )Xo) and belonging to the surface for a certain interval about 
|io• If for any surface element of second order on S: z“V(x,y), there 

is no real characteristic strip thiough this element. 

Proof: We sketch the proof of theorem 24.2. Although it is no existence proof, 
it furnishes a useful method for obtaining characteristics (and also, of 
course, solutions in the neighborhood of a point). Let A<0. 

For all (x,y,z) on z ” (p(x,y), F(x,y,...) ” 0 and hence |Rl |S| 

|T I > 0 there. If (xq , yo ,9 (xq tYo ) > • • •) lx the given integral element, 
not all the four numbers 

(24.7) 2R, S + 'Js®-4RT: S- 'Js®-4RT, 2T 

are zero, and hence one or the other pair contains a term f 0; if this is 
the first pair, then in a neighborhood N of (xotyo)* |2R( + (s + ls*-4RT I > 0, 
when we substitute z ” <p(x,y), p ” 7x(x,y), etc.. 

Consider the system of equations: 

(24.8) R'" 2R 

S + 'ls*-4RT 

For some interval a<pi<b, there is a solution x * x(|i), y = y(^) such that 
*0 “ x(l»o) •■d Yo “ y(lio)* Also I + ly'Cu)! =*0. Let s(u) ■ <p(x(n), 
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y(u)), etc., as in (24*3). Then we know this is a strip of second ordert 
(24.4) and because z ® <p(x,y) was a solution, it satisfies (24.6) and 
therefore forms an integ;ral element. It can be verified that it is a 
characteristic strip. When A>0, the last of equations (24.5) has no real 
solution and hence there is no real characteristic strip through such an 
an element. 


If (22.2) is elliptic throughout U, there are no real character¬ 
istic strips, but if A<0 throughout U, and in particular if (22.2) is hyper¬ 
bolic in U, one could try to form an integral surface out of characteristic 
strips starting from an initial strip, as was done for first order equations. 
(This procedure has not been carried through in general - see section B for 
remarks on its use.) 

Foi tie Monge-Ampere equation (23.7) the solution of the character¬ 
istic equations (24.5) can be simplified; for any characteristic integral strip 
(24.6), the first five functions also satisfy the following set of equations, 
which do not involve r,s,t: 


px + qy 


by'^ - cx'y' + dx'* + e(p'x' + q'y') = 0 


q'y') " c(p'y' 


(24.9) ^ 

i(x'* + y'*) + (b-d) (p'x' 

+ q'x') - c(p'" = 0. 

These are called the characteristic equatiun.s of (23.7). Any solution of them 
such that y^* 0 is called a characteristic strip of first order; for such 

a strip (24.4) and (24.6) can be used to determine the corresponding charac¬ 
teristic integral strip is necessary, but usually the first order stiip will 
suffice. When e * 0, the equations become: 

(24.10) - px' + qy': by'*-cx'y'-^dx'*«0: ^(x'^y '* )Mb-d) (p'x' -q'y' ) 

+ c(p'y' + q'x') = 0 
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25. For the quasi-linear equation (23.]) the aecond of equations (24.]0) 
becomes: 

(25.1) a • y'® - 2 bx'y' + ex'® » 0 

This will be called a characteristic equation of (23.1), since its solution 
can be found independently of the rest of the equations of the strip. A 
solution of (25.1) with 

(25.2) |x'(n) I + |y'(u) I > 0 

is called a characteristic curve C; it is just the projection on the (x-y) 
plane of the characteristic strip of first order (24.9) and indeed of the 
characterist.ic inte^rral strip which is the solution of (24.5). If we need 
to obtain the remaining strip functions, we can use these equations, together 
with (23.1). We now consider how to find the characteristic curve through any 
point and in a region. 

Let Xi and be the roots of the algebraic equation: 

(25.3) X® + 2bX + «c • 0 

which ,we can form for any point (x,y) in Ro. Then 

(25.4) Xi = -b(x.,y) + /b^(x,y) - a(x,y) • c(x,y) 

Xa = -b(x,y) - Vh^(x,y) - a(x,y) * c(x, y) 

We can think of these two equations as defining functions X£(x,y) throughout 
R, whether or not the values of these functions are real or distinct. They 
are related to the functions a(x,y), b(x,y), c(x,y) by the identities: 

(25.5) Xi+Xa = -2b ; X^Xj • ac 

(When A ” b -ac>0 throughout R, will always mean the non-negative square- 
root; if complex values are also considered, will be the root whose 
amplitude 0 satisfies: < 0 1 .) 



THEOREM 25.1: Let a, b, c be continuous, ac<b*, and |a| + |b| + lc| > 0 
everywhere in Rq. Then through each point of Ro there passes at least 
one characteristic curve 
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Co ( X ** x(^) 

y “ y(n) 

of the quasi-liiieaz equation: 

(23.1) a(x,y) + 2b(x,y) + c(x,y) 2^^ + f(x, y, z, p, q)“0. 

If P is a point at which ac^b , there are exactly two characteristic curves 
through P^, which are not tangent to each other. 

Proof: Under the conditions of the theorem, each ^^(x.y) is real and contin¬ 
uous in Rq. Let P^ be a given point (xo.yo) and suppose, first of all, that 
Xi / 0 at P^. Then there is a unique solution of 
(25.7) X* * a(x,y) ; y* “ -Xi(x,y) 

which pasi^es through P for ^i=0, since a > 0 for a neighborhood of P . 
This solution: x = v(li) ; y ® satisfies (25.2) and also ay^ -2bxV 

+ cx^^* a 2abXi+ ca^ * 0 so that it is a characteristic curve Pi. It 

can also be represented, non-parametrically, as the solution of 

which goes through (xo,yo); in this form, we denote it by x = A(y;xo,yo)« 
There is also a unique solution of 

(25.9) x' = -Xi(x,y) ; y' = c(x,y) 

passing through P° for V * 0; writing it x = <p(v) ; y = w(v) , it satisfies 
(25.2) and also ay^*-2bx^y^ + cx^* = ac +2bcXi + cXi = 0, so that it is a 
characteristic curve r 2 • Non-parametrically, it can be represented as a 
solution of 
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which goes through (xoiYo); in this forni, we denote it by y ■ B(x;xoiyo^. 

If ac^b , curvt^s Pi f nd r 2 are not tangent to each other at P since if 

they were, either c / 0 and ^ - Ai. from (25.7) and (25.9) which means 

c 

Xi * ac * X 1 X 2 by (25.5) which is impossible since Xj ^ X 2 ; or else c“0, 

whence* 0 “ « Xj-i which is a contradiction since Xj / 0, 

a 

If X 2 0 at P , we could carry through the same process, finding 
a unique solution x * X(^) , y » 6(M') of: 

(25.11) x^ = a(x,y), y* * -X 2 (x,y) 

through (xoiyo) for ° 0. This turns out to be a characteristic curve Ps 

o 

for some neighborhood of P , which can be represented non-parametrically as 
X * B(y;xo»yo)f the solution of 


and a unique solution of 

(25.13) x' * -X 2 (x,y); y* = c(x,y) 

through (xoiyo) ^ * (^« This is also a characteristic curve Pi, for some 

neighborhood of P^ and can be represented non-parametrically; y A(x;xo,yo)» 
the solution through P^ of 

(25.14) iy - . ilLjUxL 
dx X 2 (x,y) 

2 

If ac^b these two curves are not tangent to each other. 

Now if at the same point P^, both Xi and X 2 were not 0, there would 

be two sets of two equations each. But from (25.5), X 1 X 2 * ac 0, so neither 

a nor c vanishes at P^ and one can easily verify that (25.10) and (25.12) are 

equivalent, since -.e “ Xi.. Thus P 2 and P 2 are solutions of the same equa- 
X 2 c 

tions through the same point and so are identical curves. Likewise, (25.8) 
and (25.14) represent the same characteristic curve. 
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If ac^b at P either or Xj is different from 0, so at least 
one of the two groups above can be used, and there are always two characteris- 
tic curves through P . If ac = b , then Xj ® X 2 . If their common value is 
not 0, we still have (25.7) or (25.8) and at least one characteristic curve 
through P . If Xi = X 2 = 0, then b = 0 but either a or c is not 0 at P° 
and so for some neighborhood of P°. One of the equations (25.7) and (2S.9) 
has a solution, which is a characteristic curve for some neighborhood of P^. 
COROLLARY 1 If (23.1) is hyperbolic throughout R, there are exactly two char¬ 
acteristics through every point of R. When 0 throughout R, they can be 

written: 

(25.15) X = A(y;xo,yo) ; y “ B(x;xo,yo) 
where these are the solutions of (25.8) and (25.10) respectively; each of 
these functions is of class A^ in all three variables, jf equations were 
solved, respectively, for xo and yo, the result would be: xo * A(yo;x,y) , 
yo “ B(xo;x,y). No curve of either family is tangent to a curve of the 
other, at any point. 

By using (25.7) and (25.11), we get another result which is 
sometimes useful, especially for equations in normal form: 

COROLLARY 2 When a 0 throughout R, the characteristics through (xo,yo) are 
y = D(x; xo,yo) ; y = E(x; xo,yo) 

where the first is a solution of dy * - hjL and the second a solution of 

ax a 

dy ** - Each function D, E is of class A ; solving the equations gives: 

ox a 

yo * D(xo;x,y); xo = E(yo;x,y). If (23.1) is hyperbolic throughout R, the 
two systems are distinct; if (23.1) is parabolic throughout R, they coincide. 

For the special forms mentioned in section 23, the equations of the 
characteristics becomes simple. For example, if (23.4) is hyperbolic, then it 
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has a * c < 0 everywhere in R; the two distinct characteristics through 
(xoiYo) are given everywhere by the solutions of: 
y* ± k(x,y) x' = 0 

where k(x,y) ■ J■ cCx,yT which pass through (xo,yo)» and have 

aTxTyT 

|x'I + |y'I > 0. 

THEOREM 25.2: When A, Bt C are constants the characteristics of 

(23.5) A + 2B + c + f(x,y,i, az, Si) ■ 0 [B<0] 

9x 0x0y 9y 3x 9y "" 

are straight lines defined throughout the plane. If (23.5) is hyperbolic, 

and we define Xi - -B + 4 b^ • AC ^ then the characteristics through 

(xo,yo) are 

y-yo * jSL (x-xo) ; x-xo “ (y-yo) 

.X, 

If (23.5) is parabolic there is a single characteristic through (xoiYo); 
it is: 

y-yo “ B (x-xo) if A f 0; 

A 

or x-xo “ B (y-yo) if C f 0. 

C 

When the general equation (23.1) is given, it is possible to reduce 
it to a form where characteristics are straight lines. For instance, if it is 
hyperbolic, aud if Xi / 0, the functions U(x,y) ■ A(xoix,y); V(x,y) * B(xo;x,y) 
by corollary 1, would effect the reduction. But one has to be careful, since 
the mere fact that either Xi or X 2 is not 0 at every point of R does not mean 
that one of them does not vanish throughout R and hence that equations such as 
(25.15) hold throughout R. In 1936, Kamke^ did prove that such a transformation 
was possible: 
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THEOREM 25.3: Let a(x,y), b(x,y), c(x,y) be of class (j^O) in a 

simply connected region G of the (x,y) plane and let ac < everywhere 

in G. Let R be any bounded region in the interior of G. Let (p(xiy) be 
m+2 

a function of class A in R such that f(x,y,z,p,q) is defined when¬ 
ever (x,y) eR, z = cp, p » cp^^, q * (Py. 


m+2 


Then there exists two functions U(x,y) and V(x,y) of class 
in R such that the transformation: 

T: 5 » U(x,y), r] = V(x,y) 
has Jacobian 


(25.16) 


Ux ^y 


V V 
^x y 


> 0 in R 


and maps R in a 1-1 manner onto a region R of the (S, ,r\) plane; the inverse 
transformation: 

T■^ X = X(£.ti). y * Y(£,n) 

when applied to (p gives a function: 

<P(£.n) : Y(£,7 i)) 

m*^ 2 “ * 1 

of class A in R. If we replace x and y by their values from T in: 

(25.17) a(x,y)(Pjjjj(x,y) + 2b(x,y) • + c(x,y) • iPyy(x,y) 

+ f(x,y,<p,(i)jj,(py) 

it becomes: 

(25.18) 2B(g,n) • <p^^(£,n) * D(£.ti) • q>g(£,Ti) + E{e.,r\) ’ (p^(^,n) 
+ fCX.Y.v.iJgU, + Vx-'PfiUy + <J^Vy] 

where B, D, E are functions of class A and f 0 in R, and where 

Uxi U^[X(g.n).Y(£,n)]. etc. 


Proof: Kamke^ pp. 297-299. Let Ai ” -b + \|b*-ac and Xj ” -b- N|b*-ac. TTiey 

111+2 

are functions of class A in G and ^ 1 X 2 ® ac, so that ac - * 0 in G. 
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But then the matrices lla *^ 2 1| || (> both of rank 1, 

II -X, c II ll-X^ c II 

and hence using a lemma Kamke proved at the beginning of his paper, there 

m 

are two functions (Xi(x,y) and o&aCx.y) of class A in G such that, for 
suitably chosen p^(x,y), a^(x,y) (v » 1,2), and with f^ ~ cos and 
gy * sin Oy , we have; 

(25.19) a = pifi, - \j • Oifi, - Xi “ Pigi, c - Oigi 

and 




( 25 . 20 ) 

a ® P2 ^2 » 

- Xa * P282 

1 

** 

n 

^2 ^2 » ® 

“ 0»8* 

• 



Now 

ftga- 

Ugi^ 0 

[cos ai 

sin aa - cos 

<ta sin 

«! * sin 

(tti-a* 

)] 

and 

hence 

|P 

1 Ps 

MJ’ 

- 1 

Pifi ^ Q2U 

Pi«i + 

P2g2 1 

1 2 

a 


(Xi+Xa)| 


1 <^2 

1 1 ^2 

- 1 

Oifi + Gafa 

OiSi* 

CJ2g2 1 * 

|-(Xi 

+Xs 

*) 

2c 1 





* 4ac - 

4b® < 0 






But 

from 

this, one 

t can (if 

necessary, replacing fa by 

^3 » Ka 

by 

•ga 

. Pa by 


-Pa, O 2 by -Ga), assume that figa- ^ 281^0 in G. 

Apply theorem 19.3 to the equation^': 

(25.21) fv(x,y) ^ + gv(x,y) = 0 (v • 1.2) 

9x ay 

and we find there are two functions U(x,y) and V(x,y) such that * U(x,y) 

and Za * V(x,y) are solutions of these equations in R, and are of class 
m+2 

A in R, and have J > 0 in R. Hence the transformation T will map R onto 

• m+2 

R as stated, and inverse functions are of class A 

Also, since (p(x,y) : 9(U(x,y), V(x,y)) 

« ig(U(x,y). V(x,y)) • U^(x.y) + i^(U(x,y), V(x,y)) 

• V^(x,y) 


and similarly (arguments on right side are same as in above line), 
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(Py » • Uy + . Vy 

' hs. ’ Ux* + + <pg • 

'^’xy “ ***££ • ^x^y ■*■ 'Pgri^^x^y* ^x^y^ * ***r\ri * '^x^y '*’ ’^S, ’ ^xy * • ^xy 

»yy ° ha ' *^y* ^ ^y^y* ^nn ‘ ''y* ^ ' ^yy + <P^ \yy 

If we substitute in(25.17)and collect coefficients and then use T, no matter 
what the transformation is, provided J ^ 0, we get: 

(25.22) a ♦ <Pgg + 2p • (pg^ + yq)^^ + 6(pg + eq)^ + C 
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Hence “ " U, • \iVy+ 2bU^Uy + Uy • XaU„ ■ U^Uy [2b + Xj + X*] - 0 
Y ■ XaVyV^ + 2bV,Vy + Vy • XiV^ ■ V^Vy [2b + Xi + Xa] ■ 0 

3 ■ XjUyV, + b<U,Vy + V,Uy) ^ XaU^^Vy » UyV,(b+Xi) + U^Vy(b+Xa) 

■ -e'c • J(x,y) f 0 everywhere. 

Under T, therefore. 3 - - 'lb*(X«,n) ' Y(£,n)) -«{X,Y) • c(X,Y) • „1 0 

jurTTv; 

So we get ^25.8). 

COROLLARY: Under trensformat ion T, the characteristics through a point 
(xo*yo)f go into the lines £”£0 and il*T\o where £0 ” U(xo>yo) and T^o V(xoiyo)* 
The curve T, which i. the solution of’(25.7) p. 94. goes into l-Eo 
(for some range of values of T\ including r\o) and the curve r 2 , which is the 
solution 1* r (25. 9) p, 94, goes into T\*r\o (for some range of values of £, 
including £o)p provided Xi 0 at (xo»yo)* [if Xi ** 0, ^ 0, use Fi and 

r 2 respectivc ly]. 

Proof: By (•), z ■ U(x,y) is a solution of: a(x,y) ^ - Xi(x,y) ^ “ 0 

When Xi f 0, Fi is: x ” xo(^)t y ** yo(u)f where these are the solutions of 
x' ” a(x,y), y' * -Xi(x,y) and hence is a characteristic curve of the above 

equation, in the sense used on page 52. By theorem 14.1, U is constant along 

Fi - that is, U[xo(u) ,yo(lA)l “ const. But U[xo(0) ,yo(0)] - U[xo,yo] ■ £o 
and hence U[xo(ti) ,yo(|i)] ■ £o. Also V[xo(ti) ,yo(^Aj J ■ h(ji) , where h'(|i) f 0, 
by (*)• Hence under T, a point of Fi goes into (£o»n) for some interval 
containing (£o»^o)« A similar argument applies for Fa, and for the case 
Xa f 0. 

THEOREM 25.4: In the preceding theorem, let the hypothesis that b^-ac > 0 be 
replaced by: 

b*-ac ■ 0 in G; |a| *(’ |c| > 0 in G. 
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Then the result of theorem 25.3 is still valid except that (25.18) is replaced by: 

(25.23) C(£,n) • <P^^(x.y) + D(£.n) * Vg(£.n) +E(£,t^) 

' ip^(fi,n) + f[X(g,n),Y(5,ri).<i>(£.n).'Pg * 

" \ • Vx. is, - Vy*ir^' V 

where C )* 0, and C, D, E are of class a". Kamke ®, p. 299-300. 


Proof: Defining and X 2 as on page 98, Xj “ Xj = -b, so the matrices 

both reduce to || a ^ || * which is of rank 1. But by the lemma, again, 

II b cll 

there are in G functions f^ and g^ of class A with + gi >0, so 
that for certain p and a, 

(25.24) a = pfij c = agi; b * pg^ = afi 
Setting fa ® -g, and ga = fi, this means that f^ga - fagi “ gi* ^ 0 

and so by the same theorem used before, we get solutions of(25.21), which 
now become: 


fi(x,y) ?i£ + gi(x,y) =■ 0 

9x 9y 

(25.25) i 

-gi(x,y) fi(x.y) ^ = 0 

9x 9y 

The solutions U(x,y), V(x,y) have required properties and transformations T 
and T ^ are defined as before, resulting in reduction of(2S.17)(25.22) 
But now from (25.24), 

aU,j + bUy : pfiU,, + pgiUy : 0 

+ bU^ + cUy ; ofiU,^ + ogiUy E 0 

- bVjj + aVy E-P8 iYx * pfi^y : 0 

- cV^ + bVy E-ogiV, + afiVy E 0 

.-. a E U^(-bUy) + 2bU„Uy + Uy(.bU^) E U,Uy(2b-2b) E 0 
p E ^ bUy) • + (bu, + cUy) Vy E 0 • + 0 • Vy E 0 


again. 
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Y : + cVy®] = 2(a+o) (Vjj*+Vy“) 

But 0, and since b*-ac ® 0, ac > 0, so a and c have the same 

X 7 

sign, and a+c * ± (|a| + |c| ) / 0, so Y J* 0. 

Thus (25.22) becomes (25.23). 

For the elliptic case, there is no analogy to theorem 25.2, 
since the characteristic equation (24.10) has only imaginary factors. Never- 
theless there is a theorem analogous to theorem 25.3. Since ac-b >0 in R, 
a 0 and c / 0 anywhere in R. 

THEOREM 25.5 l^at the hypotheses of theorem25.3 hold, except that the condi¬ 
tion that ac < b^ everywhere in G is replaced by; ac > b* everywhere in 
G. Then the theorem is still valid, except that(25.18)ia replaced by 
(25.26) A(£,n) * <Pgg(£,T\) + C(&,T\) + D(g,ii) 

• <Pg(S.T\) + E(5,n) • <i)j^(S,n) + ) 

m 

where all coefficients are functions of class A and A(£,t)) > q and C(S,il) > 0 
everywhere in R. 


Proof: Since ac -b* > 0, if we set fi(x,y) * a(x,y), f 2 (x,y) = gi(x,y) 

- b(x,y), ga(x,y) * c(x,y), the equations ( 25 , 21 ) will have figg-faEi 
« ac -b* > 0 in R. Hence by the corollary to theorem 19.3, p. 74, there 
exist functions U(x,y) and V(x,y) such that ~ U(x,y) and Za ~ V(x,y) 
are solutions of (25.21), which becomes; 

ra(x,y) + b(x,y) * 0 
9x 0y 


(25.27) < 


[b(x,y) c(x,y) - 0 

9x * 9y 
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which are of class in R and have J = - V^^Uy > 0 in R. Then 

define T; 

] g « mx.y) 

( n = V(x,y) 

and it will have all required properties. Carrying through transformation, 
we get (25.22) with coefficients given by formulas on page 100. This time, 
however, since U and V are solutions of (25.27), 

(25.28) a • -»■ b • Uy = 0 and bV^^ + cVy ® 0 in Ro 

and 

P = [aU^ + bUy]V 3 , + [bVjj + cVy]Uy - 0 in n. 

2 

Also* since a 0 in R, U = -fc U„ and so ot * 2^^^ c] ® ^y [ac^b^l > 0, 

^7 7 a 

a a a 

since if Uy = 0, “ 0, which is impossible. This ot is then A(g,i^). Like¬ 
wise since c / 0, Vy = - t and we get Y ® ’ 2b*b*] 

c ^ c 

* ;^tac.b"] > 0. 
c 

This Y is C(g,n). 

The transformation used in the above theorem depended essentially 
upon the fact that A ® ac-b f 0 everywhere in R. Since the same is true 
for a hyperbolic equation, we have the following, which is sometimes a more 
useful form than theorem 25.4. 

THEOREM 25.6: Under the hypotheses of theorem 25.3, the conclusions £,i\(n' 
there are still valid when (25.18) replaced by; 

(25.29) a(£.ii) • 

Proof: Set fi = a , f 2 “ b , gi = -b , ga “ -c. Then (25.21) becomes: 

(25.30) .(x.y) + b(x,y) ■ 0 ; -b(x.y) ^ - c(x,y) » 0 

and the solution of these equations gives the required transformation g'U(x,y); 
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T[ ^ V(x,y). The formulas on page 100 then can be applied to get (25.22). 

Since (25.28) holds, 3 ~ 0 and, by considering all possibilities, one can 
easily verify as above that ot > 0, y 0. 

26. The quasi-linear equation in n independent variables is: 

(26.1) 2 aiK(xi....x„) = 0 

Without loss of generality, assume a^i^ ” ^ki* 

The quadratic form in n variables 

“i j-l 

has the property that if Oli =2 ^ij^j coefficients form a non-singular 

matrix T, then Q(ci) becomes 0(P) * 2 ^ij^i^j ® “ llBijII ” T^AT. In 

particular, there always exists a non-singular transformation T which will 

n 

reduce Q(tt) to the form .2 D* 0- 

i*l ^ ^ 

where, depending upon the original matrix A - llA^jll, 

“ +1 for i=l,2,...,n ; n=r=s 

(26.2) or J i“l,...s; = -1 for i=s+l,...n=r 

or I for i®l,...s; * -1 for i=s+l,...,r; 

” 0 for i*r+l,... ,n. 

The numbers r and s are invariants under non-singular transformations; they 

are called the rank and signature, respectively, of T or of Q(0(). If n^r^s, 

the form is positive definif.e end the equation is called elliptic at P ; if 
s<n”r, the equation is called hyperboJji: nt ; in particular, if 8**1, it is 
called normal hyperbolic; if s<r<n, the equation is called parabolic at P^. 

If the equation is hyperbolic (or elliptic or parabolic) at every 
point of a region R, it is said to be hyperbolic (or elliptic or parabolic) 
in R. Any surface 

S: X£ ■ (i“l,...n) 
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which can be written in the form G(xi»...,Xq) * const., where * 

G(xi,.., ,Xjj) ® solution of: 

(2^3) Q(^)-2 ... 0 

is called a characteristic surface of (26.1). (For a hyperbolic equa¬ 
tion, there are n distinct families of characteristic surfaces.) Q(0() is 
called the characteristic form. When the transformation: 

^i “ t£(xi,...,x^) (i = l,..n) 


f 0 . 


where t^ are of class Ai and 

1^1 

is applied to any function u(xi,... ,Xj^) of class , 
and 


then 


.2.) “ ttCti*^ ...£„)] 


u(xi,...,x„) * U[ti(xi,’, Xj^),...,tjj(xi,...,X^)] 


The left side of (26.1) becomes 

^2 




where 


‘’ik ■ ‘kl ‘Ip •^ip 

That is 

B « J' A J 

Now for a particular point P°(xi,... ,Xjj), we can let A * 

determine T so that B * T' A T is the diagonal matrix on the previous page. 

Then the linear transformation: 

(26.5) • 1 Tij Xj 

will take the left side of (26.1) into (26.2), where at the point Q°:(£i,..5°) 

it becomes 2 D* + .. . One cannot in general find a linear transformation 

^ 0Ci9uj^ 
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which will do this for every point in the region, but there is one special 
case w!>orc‘ it is possible: 

THEOREM 26.1: If is constant, for i,k»l,...n, there exists a non-sirfcular 
matrix T ^ li'^ijll such that under the linear transformation (26.3), a solu* 
tion of the equation: 

(26.6) 2 + £(xi,... )»0 

OXiOXj^ 

will become a solution of: 

Jl "i fif > • « 

where D^’s are defined in (26.2) for the elliptic, hyperbolic, and parabolic 
cases, respectively. 

When the equation is linear, a further simplification can be made. If 

^ ^ . 

where A’s are constants, by the last theorem, there exists a transformation 
(26.4) which reduces the solution of (26,8) solution of an equation 

of the form: 

(26.9) 2D. +2 8. 1“- + BoU « h(yi, ..y_) 

9yi ^ ayj 

the D*. being defined in (26.2). Now let 

B ^ X2 B. D. y. 

V(Si.S„) ■U(ai,...,£„)e ^ ‘ ^ 

If 218^1 ■ 0, this will just be U. If 2|B£| > 0, then denoting HZ Bj^D^y^ j,y (x 

-a 

U - Ve 

Uv. “ V^. e'^-X BiDiVe"® 

7l 7i * * 

U - V e*®- BiDiV„. e'®+ X B*i d“. Ve'® 

Substituting in (26.9) and simplifying, we get: 

2 Di 1^ + 2 Bid - Dj) + Y 2:[Bi Di + Bo] • he® 

1 9yj 1 9^1 4 
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When the equation is elliptic or hyperbolic, * 1 for all i and we get, 

(26.10) X D. 2!^ + (Bo + 2 )\ = he“ 

i-1 ^ Qyl ^ ^ 

* ' 2 

In the parabolic case, ~ 1 for l,...r, and the rest are 0, so we have: 


(26.11) 


i=i in fy. * (Bo - = hc“ 


Thus in discussing linear equations with constant coefficients, 
it is only necessary to consider: 

(26.12) Z + Kz = f(xi,...,x ) (elliptic) 

1=1 OX£ " 

(26.13) Z 2-^ - Z 2-^ + Kz * f(xi,...,x ) (hyperbolic) 

1=1 Ox; i=r+l OX; “ 


(26.14) Z + Z B- + Kz = f(xi,...,x ) (parabolic) 

1=1 Qx^ i=r+l ^ dy^ ^ 


In a general case the procedure for reduction of (26.8) to (26.10) or (26.11) 
is given above. 

As in Chapter 1, associated with the characteristic equation (26.3), 
there is a family of ordinary differential equations. If A(x,p) * 'j» 

they are; 

(26.15) , ^=.}i2A_ (i=l,..n) 

ds ‘‘Pi ds 

0 0 0 0 » 

Any solution of this system which for s = so passes tl rough (xi,..Xj^, pi,.. p^^) 
where A(x°,p^) = 0, is called a bicharacteristic of equation (26.1). The 
totality of all bicharacteristics through a point forms a surface called the 
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characteristic conoid at that point. Its tangents all form a cone 
satisfying A(x^,p} * 0. (For constant coefficients! the cone and 
conoid coincide.) If ■ ap£ and * sp^, the solution of (26.15) 
can be written: x?,...x°), Pj * Vi(qi,..qn; x?,..x°) 

Now set r ■ A(Pi,..Pjj; xi,..Xjj) * A(qi»**qn! xi,...x^); it is called 
the geodetic distance from (x) to (x^). Also. P ° 0 is the equation 
of the characteristic conoid. (Hadamard^) 

B. The Quaai-Linear Hyperbolic Equation 

27. The Problem of Goursat 

The first basic problem for the hyperbolic equation: 

(23.1) a(x,y) z + 2b(x!y) z + c(x,y) g 
9x BnQy 8y 

**■ f(x,y,z, Si f Si ) “ ® < b*) 

may be stated as follows: 

Problem G: (a) Let f(x!y!Z!p!q) be defined for (x^y) 6Ro 
and (zfPiq) 6V. Let a(x!y), b(x!y), c(x,y) be functions of class A^ 
with ac < b‘ everywhere in Rq- (Perhaps other conditions.) 

(b) Let (xo,yo) be a point in Ro, and let character¬ 
istics of (23.1) through (xoiyo) be: 



no 


Ti: 


x(u) 

r2: /x » x(v) 

y(ii) 

/ y * y(v) 


where these afe defined as solutions of 25.1 (see Corollary 1, p. 96) 
for and veM 2 : Vi<V‘^V 2 . (Let the range of 

x(|Ji) be Si, of y(^) be Ti; taking S “ Si • S 2 and 

x(v) be S 2 y(v) be T 2 

T * Ti • T 2 , we have Fi and r 2 in S T, provided (xo.yo)^ S x T.) 

(c) Let be defined for )lSMi and t(v) be defined fci veM 2 • 

Let o(|io) ^ '^(vo) where pio is the value of the parameter corresponding to 
(xoiyo) on Fi and Vo is the value for (xo,yo) ou F 2 . 

Then we wish to establis) the existence of a function (p(x,y) 


such that: 

(flt) cp(x,y) is of class A* in R < Ro 

O) z * <p(x,y) is a solution of (23.1) in Ro 

(y) <P(x(^i) ,y(^) ) = a(^l) for ^ieMl < Mi and <P(x(v) ,7(v) ) = t(v) 


for veM 2 £ M 2 . 

We shall solve this prol») eir. first for tl»e equation 

(27.1) z - f(x,y,z, 2.Z , Si ^ ® 

0x9y 0x 9y 

For this equation, A ® C ® 0, B ” 1, so it is hyperbolic in Ro(f is defined 
for (x,y)sRo) and the characteristic curves (see theorem 25.2) through 
(xoiYo) become; 

(27.2) X * xo and y * yo 


THEOREM 27.1: (ao) Let f(x,y,z,p,q) be continuoi for (x,y)e Ro and all 
z,p,q. In any closed bounded subrcctangle of Ro# R ® S x T, where S is: 
xi<x£xa and T is: yilylya , let f satisfy a Lipschitz condition: 

(27.3) |f(x,y,*,l>,q) - f(x,y,7,p,q) I < M[|z-i| + |p-p| + |q-ql ] 



Ill 


(Po) 

(c) 

class in 
a(xo) * T(yo). 

(a) 

Oo) 

(y) 


Let (xcYo) be a point in Rq 

Let o(x) be of class in : a<x<P; let T(y) be of 
: Y<y<6, where R^ * ^ £ R© and let (xo»yo)£Ri* Let 

Then there exists a unique func^ion q)(x,y) such that 
q)(x,y) is defined and of class A^ in R^ 
z * (p(x,y) is a solution of(27.1) 

9 (xoiy) : *^( 7 ) for yeTi and (p(x,yo) : a(x) for xeS^. 


Proof: By Picard's method of successive approximation, define: 

(p°(x,y) • a(x) + T(y) - o(xo) 


Then 


<p"(x.y) ° "P^Cxiy) + / / f[t,s,(p" ^(t,s)q) ^(t,s),q)" ^(t,s)]dt ds 

X * 

XcYo 

( 0 “l,2|3»**t,) 

n y 

q)x(^»y) * ^ f [t,s,... ,(Py (x,8)] ds 
Yo 

n * "“1 

9y(x,y) = / f[t,y,...,cpy (t,y)] dt 

*0 


In every closed subrectangle R < R^, all three sequences converge uniformly: 

n+1 n| n+1 n+1 

q) - cp I £ A- I3KUJ_ {|x-Xo| + |y-yo| ) in R = S x t 

3M (n+1) ! 

where |f| £ A and K ® max (1, ZllZl)* 

2 2 

Let (p(x,y) * lim (p^{x,y). It will satisfy a, Pt Y- 
n-^-® 

Proof found in many places. See Kamke Tamarkin and Feller 


HfEOREM 27.2 


(a) Let f(x,y,z,p,q) be continuous for (x,y)eRo and z,p,q arbitrary. 



112 

In any closed bounded subicgion of Rq, let f satisfy a Lipschitz condi¬ 
tion (27.3)/ 

(Bill a(x,y), b(x,y), c(x,y) be of class in Rq and let 

ac < b^ in Rq. 

(b) Let the characteristics and r 2 through a point (xo,yo) 

of Rq such that for and veMs Pi satisfies (25.7) P 2 satisfies (25.9), 

if K f 0. [iJso (25.13) ere (25.11) if \i = 0, Xj ^ 0] 

(c) Let a(ii) be of class for , let t(v) be of class A^ 

for VeMfl, and let a(^o) “ 'c(Vo) wherejlio is the value of the parameter 
corresponding to (xoiyo) on 
that 

(а) (p(x,y) is of class A* in some R < Rq 
(3) z ® (p(x,y) is a solution of (23.1) in R 

(б) cp(xo(^A)•yo(^A))=a(^l) and (p(x(v ), y(v )) = t(v) 




r^. 

r. 


Then there exists a function (p(x,y) such 


Proof: By hypothesis there is a certain neighborhood N of (xo»yo) where 

(^5.7) and (25.9) have unique solutions: 



and 



Now define U(x,y) and V(x,y) as in theorem 25.3, page 98, and perform the 
transformation 


T; U » U(x,y) 

• V(x,y) 

This will take (xo.yo) into (So “ U(xo.yo). Ho “ V(xo,yo)) and the charac- 
teristics Pj into L^: S “ So and P 2 into L 2 : ** T\o» That is, P^ will go 
into a segment of S “ Soi corresponding to and P 2 will go into a 
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segment of r\ ■ T^o» corresponding to where r\i • lim + V[x(ii), 

y(u)] • * lim . V[x(n), y(u)] and » lim + U[x(v),y(v)] and where 

B ,2 ~ lim , U[x(v) ,y(v)] . Since the points of Pj and r 2 were in R©, the 

points of Li and L 2 are in ^» so the rectangle Ri * x < R© where 
Sj j and t 

One can readily show as in the corollary, page 101, that if 
h(|i) “ V(x(M') ,y(lJi)] I h'(^l) ^ 0 in Ml, that is, on Pi the rate of change 

of V is not zero. Hence r\ “ V[x(pi),y(^)] z ® unique inverse 

U ” Si(r\) at least for r\eTi and as u varies so that x ^ x(u), y * y(^) 
describes Pi, varies so that B, ' S,Qt r\ ^ T[ describes Li, where 
r\ ” h(^) or 4 ~ Si(t^). Hence if we wish to find a solution such that 
<p(x(ii),y(u)) “ a(n), on Pi, (p(g t\)1 <p [X(5 .t\) ,Y(5 ,t^)] must have the 
property that on Li, (p(£o»T\) * where \i * Si(ti). So define t(t^) 

* oiSi(r\)). Likewise k(v) * U[x(^),y(u)] has k'(v) ^ 0 i** ^ 2 » hence 
S, * U[x(v),y(v)] 5 bas a unique inverse V * SgC^) for SeSi, and as 

V varies and describes Pgi x * x(v), y * y(v), B, varies so that B, ^ B,, 

= T^o describes Lg, where B, * k(^i). Thus if we wish to have (p(x(v), 

y(v)) * t(v) on Pa, then defining a(£) = tCSjCS)), it necessarily follows 
that (p{B,,T\o) * o(B,) on La. 

Under T, by theorem 25.3 we need only be concerned with the 
solution of 

(27.6) + FCg.n.u.p.q) * 0 

9g9T\ 

where F(£,r),u,p.q) j 1 [D(2,n) * p + E(4,n) ‘ q + f(X(g,T\)iY(g,T\),(i), 

2B(g.n) 
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pUx qV^tpUy + qVy) (D, E, and B are defined in theorem 25.3}. Now, in 
any bounded closed region of R: 

I F(S f Pi > qi ) "■F(S iT\ ,( 1)2 » p2 f q2 )| £ Ml [ I Pi -p2 I ] M 2 [ 1 qi - q21 ] 

+ I f(£,niWi,Pi,qi) - f(£,n,w2.P2iq2)I lM[|pi-p2l |qi-q2l 
I («)i-(i) 2 l]f by hypothesis on f. We then apply theorem 27.1, ' 
page 110 to find a solution gj = (p(fi,T^) of27.6 such that cpCfioi^) “ 
and (p(^filo) ~ o(S,) in Ri = Si x Ti. Such a solution exists and is 
unique. So 

<P5T^(5.n) F(£.T\.^.q)g»<PT^) : 0- 

By theorem 25 . 3 , then, if we set (p(x,y) 5 (p[U(x,y) ,V(x,y)] , z = (p(x,y) is 
a solution of (23.1) in Ri, the inverse map of Ri, and (p (x(^), y (|i)) = T(ri) 
* o(Si(t^)) = o(il) and* likewise on r 2 . 


COROLLARY 1: If (ao), (b). (c) hold where (23.1) is of the form: 

(23.4) A d^z + 2B 3^z + C 9^z + f(x,y,z, 9ji, ) = 0 

9y 9x9y 9y 9x 9y 

where A, B, C are constants and AC < B*, there exists a function (p(x,y) 

satisfying (a), (P), (y). It is 9(Xfy) : ^(x A y, y + C x) 

K 

where U) ” (p(S»n) is the solution of problem G for (27.6) under conditions 

v(fiofn) ^ 9(5»no) 

The transformation is 



with Jacobian J 
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is a point corresponding to (xoiYo) under T 

T(n) ■ o( r\-r\o ) o(E) » t( g-gp ). 

J i . . . 

The solution exists in a parallelogram r contained in R with center 

(xoiYo) •nd sides parallel to and r 2 respectively. In (27.6) 

F(g,n.u.P.q) : -1 f[M^_ , , u,p 

2jyB*-AC 2 /b®-AC 2^8*-AC 

+ C q. P + A q ] . 

Xi Xi 


Proof: Corollary 1, page 96, gave formulas for Pj and P 2 ; writing them 
X + A y “ £0 y C “ T^o where 5o * Xq + A Yo » 

Xj. Xj 


no “ Yo C xo 

Xi 

it is easy to see that 

U(x,y) : X + A y 
Xi 

V(x.y) : y + C X 
Xi 

give the transformations of the theorem, taking P^ into ^ ^ £0 ^2 into 

n = no*- Along Pi, V(x(^) ,y(^l)) * no **■ so inverse of n * no is 

\i ** 0 - *^ and on P 2 , U(x{v),y(v)) * vJ, so inverse of £ = £© '*' is 

tJ 

V * £-£o. Defining p * p +*C q, q “ q A P* we have correct p and q. 

"j Xi Xi 

Note that here inverse X(£,n) * I [£-An] “ and Y(£,n) * 1 [n-C2] 

^ ^ 2^3*-AC ^ 

■ Hence q * and p • X^p-Cq ^ 

2^8® -AC 2>^B®^C 2\/8®-AC 
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Schauder has used his fixed point theorem to establish existence theorems 
of various kinds in several different types of differential equations; it 
is an interesting and important method, although it does not appear too 
practical. We give the following theorem, which concerns a variation of 
problem G to which the general one can be reduced in many instances: 

THECBEM 27.3: Let f be defined for |x|<d, |y|£d, |z|£d, |p|£d, 

Iql 1 d and satisfy a Holder condition with constant C and exponent X 
(0 < X < 1) with respect to x#y»2 and a Lipschitz condition witli respect 
to p and q: 

If(x,y,z,p,q) - f(x,y,z.p.q)I < C[lx-x| ‘+|y-yl *+lz-z| lp-pl+Iq-qll 
Then there exists a unique solution of (27.1) such that 

<p(x.O) « (p(0,y) E 0 (f(0,...,0) « 0) 

Proof: Schauder^. The fixed point theorem itself states that if H is an 
arbitrary closed set in a vector field and F(e) is a continuous operator 
which takes every element of H into an element of H, then there exists an e^ 
such that eo ~ F(eo)< In this instance, Q is the set of all functions z(x,y) 

which are of class A for |x| £ d,lyl £ d and have * z(x,0) ® z(0»y)“®* 

It is shown that this is a vector field and that the operator U(z) - 
X y 

•^Q*^Q f(X, y, z, , Zy)dydx makes correspond to every function of Q a function of 

Q. Every subset of Q in which z_ satisfies a Holder condition with constant 
M and exponent ^ forms a closed, compact, convex set choose M and |i so 

that in a subset of R,U[a]e Hence there is a fixed point in H. That is, 

there is a function zo of the desired type such that zo(x,y) ® U(zo(x,y)), 

which is equivalent to saying zo satisfies (27.1). 

Sato^ used the same method to show that theorem 27.1 is still valid 
when condition (ao) is replaced by the following: Let f be continuous in a 
domain D and let there exist two functions («) and in D with (!>^y £ f(x,y, z, z^, Zy) 
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whenever w £ 2 £ w, £ *x — ^x* ^y ~ *y “ ^y* 

28, The second basic probJem for qusai-linear equations.is the problem 
of Cauchy. 

Problem C: (a) Let f(x,y, 2 ,p,q) be defined for (x,y) eRo 

and (x,p,q) eV. Let a(x,y)| l(x,y), c(x,y) be functions of class A* 

with sc < b everywhere in Bq. 

(b) Let C: x ‘ xo(t) be a curve of class for teT: 

y * yo(t) 

Xx<t<t 2 and such that (x(t), y(t)) eR© for teT. Let C not be tangent 
to a characteristic of (23.1) at any point. 

(d) Let 20 (t), po(t), qo(t) be defined foi tCT, where 20 (t) 
is of class A^ , po(t) and qo(t) are of class A^ and 

(28.1) 2 o^(t) ■ po(t) • xo^(t) qo(t) ' yo^(t) 

Then we wish to establish the existence of a function <p(x,y) such that 

(a) 9(x,y) is of class A* in R £ Ro 

O) 2 ” ^(x,y) is a solution of (23.1) in Ro 
(6) For teTi £ T, 

(28.2) 9(xo( t) ,yo( t)) ■ 2 o(t); <P 3 j(xo( t) ,yo( t)) ■ po(t); 

9y(xo(t),yo(t)) ■ qo(t) 

(Tlie condition that C not be tangent to a characteristic insures uniqueness. 

As in Chapter I, when xo'(t) f 0, we can write C in the form 
y ■ yo(x) and if yo^(t) / 0, we can write C in the form x ■ xo(y). This 
leads to variations of problem C. 

Problem C©: (a) As above 

(b) Let X ■ xo(y) ® curve C, where Xo(y) is of class for 
yeT: yi<y<ya. 

(d) Let 2o(y)• po(y)>qo(y) be given as in (d) with 

(28.3) 2 o(y) * p(y) ' xo(y) qo(y) 



Then we wish to establish the existence of a function (p(x,y) satisfying 
(«), O) and (3^) For y<pT < Ti, 

(28:4) <p(xo(y),y) “ zo(y), <f^{xo(y),y) ■ po(y), «Py(xo(y) ,y)" qo 

However, in (28.3), qo(y) i® completely determined, so it may be omitted 
from given conditions and last equation of (28.4} omitted. In other words: 
Problem : (a) As above; (b) as above; 

(di): Let Zo(y) Po(y) he given. 

Then we wish to establish existence of a function q)(x,y) satisfying ((X) 

O) and: 

( qp(xo(y),y) = zo(y) 

(28,5) } 

(9x(^(y)»y) po(y) 

A particular case of is the so-called initial value problem: 

Problem I: (a) As above 

(do) Let Zo(y) and Po(y) be defined for yeT; and let Xq be a 
given number such that (xo»y)eR for all yeT, Then we wish to establish 
the existence of a function cp(x,y) such that (a), O) and: 

(6o) <p(xo.y) Zo(y).* 9x(*o.y) = Po(y) for all yeT. 

[When Xq “ 0, we call the problem Iq] 

As in the case of Problem G, we shall first' establish solutions of these 

problems for the canonical form: 

^27.)) = f(x,y,z, , Biz ) 

9x9y 9y 9y^ 

and then in general. When the equation has b ^ 0 (which is a form 

to which the general equation can be reduced by theorem 25.4), one can 
obtain formulas for solution directly. 

Sometimes C is given by specifying po(t) and qo(t) and simply re- 



119 


quiring that <P(xo>yo) ” zoi for some point. For if 9x(xo(t) ,yo( t)) 

* po(t) and 9y(x(t) ,y(t)) * qo(t), then the atrip equation will define 

9 (xo(t),yo(t)) ■ [po • xo^ qo “ yo'l dt 
So knowing a single point, zo(t) is completely determined. 

The first theorem has to do with a special kind of Cauchy 
problem - we may call it problem C. 


THEOREM 28.1 

(b) Let 

X * xo(^) 

y “ yo(iA) 

be a curve C, where xo(^) and yo(u) are of class in M: ^i<|i <42 and 

xo^ 0, yo^(^i) 0 in M. Set CL ■ lim xo(^) , P ® lim to(^i), if 

u-Vs' 

xo'^O, (otherwise reverse definition), and Y ” lin yo(u)> ^ * lim yo(|i) 


if yo*^ 0, (if yo*^ 0 reverse). 

(d) Le t ^ 

o(x) be a function of class A in S: (X<x<P 


T(y) be a function of class A^ in T: Y^y^^ 


(ao) Let f(x,y,z,p,q) be continuous in U ” R V, where V is an 
arbitrary region, and R “ S ^ T; let f be bounded in V© * Ro V, where 
R is a closed bounded subrectangle Ro ” So ^ To £ R* and let satisfy 
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a Lipachitz condition( 27 . 3 ) in Rq. Then there exists a unique 
function q>(x,y) such that 

(a). 9 (x,y) is of class in R 

(P) z * 9 (x,y) is a solution of (27.1)^*' 

(y) For iJieM, cp(xo(u), yoM) * a{xo(^)) + T(yo(^)). 


Proof: As on page B, let \L - S]^(x) be the inverse function of 
X ” Xo(^); it will be of class A^ in likewise \l = SgCy), the 
inverse function of y yo(^) will be of class A^ in T; consider, 
for a given Xi^y^ in R, the closed region bounded by C , the 
straight line x * x^ and the line y = yi; call it Then 

define approximating functions as follows: 



(x,y) 


(p (x,y) = a(x) + T(y) 

(p*^(x,y) * (p°(x,y) ± // f(t,8,(p ^(t,s),q)jj (t,s),q)y (t,s)) dsdt 

Rxy 

(n-1,2,3...) 

(use + sign if P lies above curve, - sign if it lies below) 

Then 9 (x,y) is of class A and 


9 


|(x,y) • f(x, 8 ,...) ds where y » yoCei(x)] 


Vy(x,y) ■ /* f(t,y,...) dt where x • XotsaCy)] 
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As in previous theorem, (p (x,y) converges uniformly in Rq (same 

bound on |q} -(p ^ |)> and if we set (p(x,y) lim cp (x,y), this 

n-^oo 


will be desired result. 


(X)BOLLARY: (d©) Let x * xo(y), where Xo(y) is of class A*" in T; 

Y<y<6 and ^Q'(y)^ 0i be a curve C. 

(a©) Let T(y) be a function of class A^ in T. 

(c) Let f be defined as in theorem. 

Then there exists a unique function (p(x,y) such that: 

(a) (p(x,y) is of class A* in R. 

(p) z = <p(x,y) is a solution of (27.1) in R. 

(y) For all y in T, (p(xo(y),y) = T(y). 

Proof: As on page 8, the given C can be represented as 



if we take = T(^i),x©(il) » Xo(li), y©(ui) “ \i. Then apply theorem. 

Conversely, given a solution to the problem ©f the corollary, 
we can get the solution to q from it, by setting x©(y) ” Xo[s 2 (y)] and 
T(y) ■ a(x©(s 2 (y))) + T(y). 


THEOREM 28.2. 


(d) 


Let 


x©(^) 


[y ’ yo(^A) 


be a curve as defined in theorem 28.1. 

(a) Let *©(|Ji),p©(u),qo(^A) be defined on M and z©'(u) ,po(^A) , 
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continuous there; suppose 

(25.2) *o'(n) » po(u) • xo'(u) + qo(n) • yo'(n) 

(c) Let f(x,y,i,p,q) be continuous in a region U which 

contains (xo(m-) i...,qo(^A)), bounded wherever (x,y)e Rq , and satisfying (27.3). 
Then there exists a unique function q)(x,y) such that 
(a) <p(x,y) is of class A* in R 

O) <p(x,y) is a solution of (27.1) i*' R 

(y) For ^eM. (p(xo (u) .yo (n)) = 2o(u); (Px(^o (^A) .Yo (u)) » PoM; 

9Py(xo(ki).yo(u)) =* qoiii) 

[Knowing the answer to problem C, can apply same formula here by taking 

* y 

a(x) = J p(si(t)) dt + T(y) = q(s 2 (t)) dt + %zo 

Xq 'C 

where Uo i» some fixed value in M, Xq = Xo(^lo). Yo * yo{|Ao). *o = *o((lo) 
and IX “ 8i(x) is the inverse of x • Xo(u), |i = Sjly) is the inverse of 
y “ yo(u)] 


Proof: Defining a(x) and T(y) as above, the hypotheses of theorem 28.1 are 
satisfied and we can get a unique q)(x,y) which satisfies a, 3, y Hence, 

X 


for all 4 on M, (p(xo (u), y© (U^)) a(xo(M)) + T(yo(^)) * / p(si(t)) dt 


Xo 


y , ^ ^ . 

+ / q(s 2 (t)) dt + zo “ f P(U) • xo'(ii) <!(^A) ’ xg^ > d^i + Zq 

Yo ^0 1^0 

* Io(^i) by (25.2) and q)j^(xo(li) ,yo(^A)) * o'(xo(^l)) p(Si(xo(^))) - p(^l); 

9y(xo(^i) |yo(^A)) * q(^A), so (y) is satisfied. 


COROLLARY 1: (do) Let x * Xo(y) where Xo(y) is of class A^ in T: y'^V^^ 
xo'(y} ^ 0, be a curve C. 

(sq) Let Zo(y) be a function of class A^ in T, and po(y) be 
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continuous on T. 

(c) Let f be defined ss in the above theoren*. 

Then there exists a unique function <p(x,y) such that 
(ol) (p(x,y) is of class in R 
(3) <p(x,y) is a solution of (27.1) in R 

(y) For yeT, <P(xo(y),y) = *o(y) and <P^(xo(y),y) * po(y) 

Proof; Set qo(y) “ zo'(y) - po(y) * xo^(y). Let xo(u)tyo(ii) * and 
apply theorem. 

We now return to the general quasi-linear equation (23.1) 

THEOREM 28.3: (ao) Let f(x,y,z,p,q) be continuous for (x,y)eRo and (z,p,q) 
arbitrary. In every bounded closed subregion of^Roi let f satisfy a 
Lipschitz condition (27.3) and be bounded. 

(ai) Let a(x,y), b(x,y), c(x,y) be of class A* in Ro and 

2 

let ac < b in Rq. 

(b) Let C: fx * xo(t) be a curve of class A^ for teT: 

(y * yo(t) 

ti < t < t 2 and such that (x(t),y(t)) eRq for teT. Suppose C is not 
tangent to a characteristic of (23.1) at any point. 

(d) Let zo(t), po(t), qo(t) be defined for teT, where 
zo(t) is of class A^, po(t) and qo(t) are of class A^ and 

(28.1) zo^(t) * po(t) * xo^(t) + qo(t) • yo^(t) 

Then there exists a function (p(x,y) such that 
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(а) <p(x,y) is of class in Rq 

O) z * q)(x,y) is a solution of (23.1) 

(б) For teTj < To 

(28.2) <p(xo(t).yo(t)) = 2o(t); : Po(t); qPy : qo(t) 


Proof: Defining U(x,y) and V(x,y) as in theorem 25.2. let 


S. = U(x.y) 


T\ • V(x,y) 


then the curve CC: J^£ = £o (t) ; U[xo (t) ,yo (t)] 

Ij1 “ (t) * V[xo(t),yo(t)] 

Also let rpo(t) = p(t) ■ Xg + . Yg where fX = X[So(t),no(t)] 


q (t) = p • X;^ + q • 


Y = Y[£o(t).no(t)] 


Now the condition that C not be tangent to a characteristic means that 
( 8 , 0 * (t) f 0, since characteristics of transformed equations aref^ ® So* 


no'(t) f 0 

[So'(t) = • xc'(t) + Vy • yo'(t)] 


n = no 


Hence as in the proof of theorem27.2, we detentine a solution of 
27.6 such that for (^,T))eC, (p(5o( t) »ilo(t)) E to(t)f (Pg E Po(t) 

^n = qo(t) : using theorem. 28.2. The strip equati... still holds under trans¬ 
formation. Then (p(x,y) = (j [U(x,y) ,V(x,y)] is the solution of(23.1)«n<l 
<Px[x(t) ,y(t)] " <Pg(5o(t).no(t)) ■ + (p^ • Uy 

“ p(t) • Ujj + q(t) • Uy ; Po(t) aud likewise <Py[x(t) ,y(t)] = qo(t). 

In the same way, we get from corollary to theorem (28.2), he solution of 


problem and I: 


THECKIEM 28.4; Given (ao) and (ai) as in theorem 28.3 and 
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(bi) Let X = Xo(y) be a curve C where Xo(y) is of class 
in T. 

(d^) Let 2o(y) be of class in T and Po(y) be of class 
A° in T. 

Then there exists a function q)(x,y) such that: 

(a) cp(x,y) is of class A^ in R £ R^ 

z * (p(x,y) is a solution of (23.1) in Rq. 

(6i) For teTi < T, 

V(xo(y),y) = zo(y) and (p^(xo{y),y) = Po(y). 

THEOREM 28.5: Let (ao) and (ai) be given as in theorem 28.3, 


(dj) Let Zo(y) be of class A^ in T and Po(y) be of class 
A° in T. 

Then there exists a function (p(x,y) such that: 

(a) 9 (x,y) is of class A* in R < Rq 

(P) z « qp(x,y) is a solution of (23.]) in Rq 

(6o) For teTi < T. 

^(xo.y) E *o(y) and q)^(xo,y) E Po(y)* 

In Courant-Hilbert\ v. II, pp. 326-332, theorem 28.3 is given with slightly 
weaker boundary conditions but with a different method of solution. It 
stems essentially from work of H. Lewy and will be discussed in Part D 
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with the general hyperbolic equation. 


COROLLARY: When (23.1) becomes (23.4) (p(x,y) - (p(x + A y. y C x) 

K K 

where is the solution of (27,6) cofresponding to the initial strip: 

5o(t) = Xo(t) + A yo(t) 

Xi 


T\o(t) = yo(t) + C xo(t) 

(l)o ( t) “ Zq ( t) 

Po(t) ° Po(t) ■ (_ ^ _) -qo(t) • (_ 1 

2 <1 B®-AC 2 yj r-AC 

qo(t) = Po(t) • (_ZL _) + qo(t) • (_^4_) 

2v|B-AC 2>JB.AC 



29. 


For the special equation: 



2 


Z 


with boundary conditions: 

u(0,y) : u(K,y) = 0; u(x,0) E Zo(x); Uy(x,0) E qo(x) 

where p(x) 2L 0, Siddiqi^ used a method due to Lichtenstein^ to sho^s that 

2 

there is a unique solution of class A in the rectangle 


0<x<Ti; 0<y< Y. 

He carries through the proof by expanding Zo(x) and qo(x) in series of 
characteristic functions of the system: 


iL(p(x)iiy) + Xy = 0 

dx dx 

y(0) = y(K) = 0 

gets a system of non-linear integral equations, which he solves by 
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successive approximation. 

Minakshi - Sundaram^ generalized these methods to apply to: 

(29.1) §; [ p(x) - tu.y.z. gj, 1^) 

but the paper was unavail able. 

D. C. Lewis^ considered the equation which is a special case 

of (29.1): 

^ -14 * I: • « 

where f is defined for all p and q, for |z| < h» 0<y<.Y and 0£x£7l, and 
where f satisfies a Lipschitz condition in z, p, q, for |z| £ h. 

Boundary conditions are similar to Siddiqui’s above: 
z(0,y) * z{TC,y) * 0; z(x,0) * f(x); z^(x,0) = g(x) 

Solution is by reduction to a trigonometric series where coefficients satisfy 
an infinite number of equations. 

C. The Linear Hyperbolic Equation 
30. Consider the equation: 

(30.0) a(x,y) + 2b(x,y) 9^ z _ + c(x,y) + d(x,y) Si 

3x 9x3y 9z 9x 

e(x,y) Si + g(x,y)z ~ h(x,y) (ac<b*) 

ay 

The function f(x,y,z,p,q) ■ d(xpy)p + e(x,y)q g(x,y)z - h(x,y) 
satisfies a Lipschitz condition whenever (x,y)eB, * region where d, e, g, h 
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are continuous, so that the theorems of Section C apply to (30.0) Under 

the transformation Is, = U(x,y) of theorem 25.3 equation (30.0) reduces 
h ' V(x,y) 


(30.1) 2liL. + j(£in) ‘ §M * eCS.Ti) 9 m + g(£,n)u * i»(£in) 

9£9r\ 9£ 9 t^ 

For such equations special methods have been developed. We therefore 
consider such equations first, giving the classical Riemann method. 

Given 

(30.2) 2ll_ * d(x,y) 9i + e(x,y) ^ + g(x,y)z » h(x,y) 

9x3y 9x 9y 

define the operators: 

L(u) I ^ du^ + euy + gu 
: ^xx * ^^^^x ’ (®^)y 

The second is called the adjoint of the first. Now by theorem 27.2 there 
exists a solution of the Goursat problem: 


M(v) = 0 

v(5,y) * T(y) 5 e 


v(x,T^) « a(x) : e 


.r^’'d(g.y)d; 


e(x,n)dx 


(t(ii) = a(5=l). This solution, corresponding to a given (S,,r\) is 
v(x,y) = G(x,y;S.,r\) 

and we call it the Green's function of (30.2). 

Note that on the characteristic line y “ n, G(x,T);£,r)) = o(S), so 9fi - eG = 0 

9x 

and on the line x = £, G(£,Y;S,r\) ’ ^(n) so 9(2 - dG » 0, (using values of 

9y 

a and t). From this, we are able to get explicit solutions of problems G, 


C and I for ( 30 . 2 ), 


THEOREM 30.1; 


(a) Let a(x) be of class A* in S: a<x<p 
T(y) T: Y<y<6 



129 


(b) Let (xoiYo) be any point in the interior of R ” S T 
and suppose a(xo) ” T(yo) 

(ci) Let d(x,y), e(x,y) g(x,y), h(x,y) be of class in R 
Then the function: 

X y 

(p(x,y) * a(xo) • G(xo,yo;x.y) ^ f f g(t,s) * G(t,s;x,y)dt ds 

Xc Yo 

+ [ a'(t) + e(t.yo) a(t)] G(t,yo;x,y)dt 

Xo 

+ [t'(s) + d(xo,s) • t(s)] G(xQ,s;x,y)ds 

Yo 

(where G is the Green’s function of (30.2), as defined on the previous page) 
is the unique function with the properties: 

(а) (p(x,y) is of class in R 

O) z (p(x,y) is a solution of (30.1) in R 

( б ) (p(xo,y) * T(y) in T and (p(x,yo) “ a(x) in S. 


Proof: Existence of solution (p(x,y) obtained in theorem28.2.Renee, L((p)”h; 

also we know that M(G) * 0. By Green’s theorem, (Kamke^, pp. 411-412), if we 

take a fixed (S,,r\) and form a rectangle R which has (£,r\) and (xo,yo) ns 

opposite vertices, and boundary F * Cj + Cg + Cg + C 4 , 

Cx 

Ca 

(xo,yo) 



where 


(30.3) ff GL(<p) - (, M(G) dx dy - / (Pdy - Qdx) 

R r 


P i X[G • (Jy - i • Gy] + djG 


and 



130 


Q : X[G • - (p * Gj + c (p G 

Since M{G) ■ 0 and L((p) = h, le^t side becomes: 

^/h(x,y) • G(x,y;g,T\) dx dy 

Bight side, if we evaluate it around all 4 sides (dy ° 0 on and Cg, 
dx ‘‘ 0 on C 2 and C 4 ) and use identities at the bottom of page 128, will 


become 


a 

q>(£.n) - <p(xo,yo) G (xo,yo;S.n) - f G(x,yo;S n) (q>x(^»yo) ^ c(p)dx 

Xo 

- I G(xo,y;£,n) (<Pv ^ <icp)dy 

Yo ^ 


But on y » yo, (p = a(x) and qp^ = o'(x)* on x = Xq, (p = T(y) and qpy = ^'(y). 
Hence, substituting in(30.3)^ we get(30.2) except for notation (replace 
£, r\ by X, y, and change variables of integration). 


THEOREM 30.2 

(d) Let X = Xo(li) be a curve C, where Xo(^i) and yo*(^) are 

y = yo(u) 

functions of class in M: and Xo^^^(^) / 0, yo'^(^A) 0 in M. De¬ 

fine a, 3, Y» ^ as in (b), page 119. 

* 

(a) Let a(x) be a function of class in S: a<x<p 

x(y) be a function of class Ai in T: Y<y <5 

(Cl) Let d(x,y), e(x,y), g(x,y), h(x,y) be of class A in R=SxT. 

Then, setting Si(x) = the inverse of x * Xo(^), [i = s^iy) the inverse of 

y * yo[si(x)] and x “ Xo[s 2 (y)]» the function: 

(p(x,y) = %[o(x) + T(y)] G(x,y;x,y) + 5i[a(x) + T(y)] 

__ S2(y) 

(30.4) G(x,y;x,y) + ^t \ * yo^(^A) - Q * xo^(m-)) d\i + 

Si (x) 


h(t,s) G(t, 8 ;x,y) dt ds 
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where G is the Green's function defined on psg9 128 and 

P " ^(xo( 4 ) .yo(^) ;x,y) • ^'(yoCii)) [o(xo(i»)) ••• ‘t(yo(u))] 
[dG - }<Gy]^ “ xo(n). y ■ yo(tA) 

0 ■ }<G(xo(li) ,yo(u) :x,y) • o'(xo(u))' * to(xo(4)) +'t(yo(u))] 

[dG - )iG^], = xo (u), y • yo (n) 
is the unique function such that 

(<x) 9 (x,y) is of class A in R 

(P) z ” (p(x,y) satisfies (30.2) in Pi 

(Y) For 1'(xo(u) .yo(li)) “ o(xo(ll)) + 


Proof: Use Green's theorem again, with P the complete boundary of R, 
and as in the previous theorem 

n h(t,s)dt ds ' n (GL(<P) - <PM(G)) - X[P dy - Q dx] 

Rxy Rjjy 1 


THEOREM 30.3: Given (d) and (ci) as above by (b) replaced by: 

(G) Let zo(^), po(u), qoCii) be defined in M, where zo^(u), 

po(^}i qo(^) are continuous and zo'(m>) ~ po(u) ' xo'(|l) 

+ qoW * yo'(M-) 

Then the unique function 9 (x,y) satisfying (tt), O) and: 

(y) For ^eM, 9(xo (^a) ,yo(^A)) “ ao(^A); ,yoM) “ po{^A) ; 

<Py(xo(n) .yo(^)) = qo(|l) 
is given by (30.3) where 

o(x) * t(y) * q(s 2 (t)) dt + zo 

o 


(30.5) or <p(x,y) * Kzo( 8 i(x)) • G(x,y;x,y) + Mzo( 82 (y)) 
" G(x,y;x,y) + ^ . . . + . . . 
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31, In one important case, G (x,y; can be explicitly given. 

(31.1) d a + D9i + E2*'»'G2“ h(x,y) (D,E,G are constants) 
dx9y dx dy 

the Green’s function is the solution of 
''xy - ^^x - Evy + Gv = 0 

suck that on lines x - £ and y ** this assumes values 
T(y) = e and a(x) * e 

respectively. If we set 

.(Dy + Ex) 

w = ve 

then direct substitution in the equation and boundary conditions shows 
that we need a solution for 


f ^xy ’ [G - ED] w * 0 

(31.2) 4 .(Dr^ + Eg) 

I w(£,y) = w(x,r\) * e (a constant) 


The solution of: 


r9ls_ + G t « 0 
(31.3) 49x9y 

[T(y) = z(£,y) = 1 and a(x) * z(x,ri) * 1 


reduces to an ordinary differential equation. It is: 

(31.4) Go(x,y:£,n) ' [G(x-g)(y-n)]" » Jo ('*.2 G(x-«)(y-n) > 

-(Dn + E£) 

Thus solution of (31.2) is w = e • Go(x,y;£,T^) with G * G-DE. 

. 11 1 1 L Dy + Ex 

Hence Green’sfunction of original problem would be v = we or 

- D(y + n) + E(x + £)] 

(31.5) G(x,y;£,n)* « * Go(x,y;£.n) 

where G = G-DE, and Gq is given in 31.4. 


32. Returning now to the general equation (30.0), have: 
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LEMMA: Under the transformation J £ 

h 

(30.0) becomes (30.1) where 


U(x,y) of theorem (25.3), equation 
V(x,y) 


(32.1) 


where L(z) 


d (5,n) “ on substituting x * X(g,n), y = Y(5,7^) 

2J (b -ac) on the right side 

e ia.n) » 

2J (b -ac) 

g (5,n) “ -=Lgg- 

2J (b“.«c) 

h (S.n) = _ -X _ 

2J (b*.ac) 


»• *xx + czyy + X * **y 


Proof: If we define X and Y as above, and let p = p + q V^, q = q Vy + p Uy, 

then the formulas on page 98 become, siinf f(x,y,z,p,q) = dp+eq+gz+h, and 

a ■ Y = 0, 

2P(PgT^ + 6<pg + e(p^ + (U^qjg + V^ip^ld +(Uy(pg + Vy<Pj^)e + g<p + h 
= 2P<pg^ + [6 + dU^ + eUy] (jg + [e + dV^^ + dVy] (p^ + gsp + h 
= -2 \fb*-ac' J • <iig^ + [aU^^ ^ 2bU^y ^ cUyy > dU^ + eUy] <Jg 

^^®^xx^ ^^^xy ^ ^^yy ^ ^ + h * 0 

Dividing by coefficient of which is not 0, we get coefficients defined as 

above: so it becomes 

^&r\ + d(g,i\) • (pg + e(£,ii) • * g(fi,n) ' <P + h(fi,n) “ 0 

Thus w = <p(£,n) is a solution of(30.l) if * “ <P(x,y) is a solution of (30.0) and 

conversely. 


THEOREM 32*] Let a(x,y), b(x,y), c(x,y) be functions of class A* and d(x,y), 
...,h(x,y) be continuous in q>o. Then the function (p(x,y) of Theorem 27.2 
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(solution to problem G) exists in every closed bounded subregion Ri£Ro 
when (23.}) is of the linear form (30.0). It is obtained as follows: 

* r 

( 1 ) Determine ^ 5 * U(x,y) of Theorem 25.3. For given ^x(^l), y(iji), 

r\ = V(x,y) ■\x(v).y(v) 

let h(n) = U(x(^l),y(^l)) and k(v) I V(x(v) ,y(v)). Let = Si(t^) be the 
inverse of n = h(ii) and let V be the inverse of ^ k(v). 

(2) Let 5o “ U(xo,yo) and t^q "" V(xo.yo); let F(t^) = a(si(T^)) and 
a(S) = t(s 2 ( 5 )). Write equation (30. l) where coefficients are defined 
in (32.1). 

(3) Find the* Green* s function G{S, tr\;l ,r\) of equation (30.1). Using this 
get solution w * (P(5 ,t^) of problem G for ( 30 . 1 ) - i.e. use formula (30.4) 
with a(fi) and t(t\) for a(x) and T(y). 

(4) Let (p(x,y) = (p(U(x,y), V(x,y)). Then 2 = (p(x,y) is required solution. 

THEOREM 32.2: Let a(x,y), b(x,y), c(x»y) be of class and d(x»y),..., 

h(x,y) be continuous in Rq . Then the function (p(x,y) of theorem 28.2 
(problem C) exists for every closed bounded RlRo• It is obtained as 
follows: 

(1) Determine = U(x,y) of theorem 4.3 and let (^o(t) z U [xq ( t ) , yo ( t)] 

IT\ = V(x,y) Ino(t) : V[xo(t),yo(t)] 

and Po(t) = p(t) • Xg + q(t) * Let JSo ” 5o(to)- 

qo(t) = p(t) • Xt^ + q(t) • Yt). ^ no(to)- 

(2) Write equation ( 30 . 1 ) where coefficients are given in( 3 i,l) and find 
its Green* s function. Use this to get solution w = (p(S,T\) of problem C 
lor (30.1)- i*e. use formula (30.5). 

(3) Let cp(x,y) = (p(U(x,y), V(x,y)). This is required solution. 
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33 When •(x,y) ” A, b(x,y) • B, c(x,y) • C, U^y, Uyy ere all • 0, 

and by direct aubstitution 


d(fi,n) “ -1 

2J(B* -AC) 

e(^.n) -_ -1 

2J(Bs -AC) 

In particular, if d * D, e * E, 
is 


r d A 1 

^ Xi X - X(g,n); y • Y(5.n) 

[ e + £ ] 

Xi X • X(2,n); y ^ 
g ° G, where these are conatants, (30.1) 


.31m * [(D + A E) 9i,i + (E + £ D) + gu] ■ h(a.n) 

dSdr^ 2J ^b*-ac 9g 9^ 


SO that it is always possible, by using explicit formulations for Green’s 

functions given on page 132, to get solutions of problems G, C, C,l. 

(33.1) A9^z + 2E 6_^z C0^z + E0jt + ^>1 + Gz ® h(x,y) 

3x 35Sy 9y 9x 9y 


34. Consider the equation: 


(34.1) 


^ ^ 


0 


Characteristic curves are 


Fi: (x-Xq) 
Ts: (y-yo) 
Thua applying transformation 


• -(y-Yo) 

» (X-Xo) 

£ ■ U(x,y) I x+y we get 9 °m 

■ 9g9n 

n “ V(x,y) ; y-x 


0 . 


Now the solutions of problems G, C, C, I for: 

(34.2) 9li_- 0 
9x9y 

are easily obtained. Solution to problem G is: 


9(x,y) * o(x) + T(y) - a(xo) 
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Solution to C is: 

/ 

* o(x) + t(y) 

Solution to d (Cauchy) is 

<P(x.y) ” « (ai(x)) + z(8a(y)) + .[po'(n) • x'(u) 

2 Sj{x) 

■ qo'(li) • y'Wl 

Si(x) 8j(y) 

= + J po'(n) • xo'(u) * ■!' qo'(u) 

• yo'(u) d[L 

In particular, when the curve is x * xo - (problem I), we get 

y « UL 

y 

cp(x,y) = / qo' {\i) dp. + z(yo). 

Yo 

X 

If curve is Jy = yo solution would be ii(x,y) * ^ ^ 

lx = ^ *0 

Hence using the above transformation we can easily get solutions of (34.1). 
Thus for I, 

cp(x,y) = z(yo-Xo) + f qo M dn. 

x-y 

However, there are other methods which can be used also to solve (34.1). 

As an example of the method of finite differences, as applied to these 

problems, take problem Iq for: 

(34.3) §4 - |!^ = 0 

Ox oy 

(Courant, Freidrichs, Lewy^). We wish to find a solution of (34.1), 
z ” (p(x,y) such that 

(p(x,0) ® Zo(x) 

9y(*.0) “ qo(x) ■ lo'(x) * 2 qo(*). 

where Zo(x) •»<* qo(*) functions of class A® and respectively. 



137 


Lay off a square lattice: x “ nh, y “ mh (n,in * 0, ± 1, ± 2,...,) 
and define finite differences: 

[u(x+h,y) - u(x,y)] ' Ujj ; ^ tu(x,y+h) - u(x,y)] » Uy 
jL [u(x,y) - u(x-h,y)] = Uy. ^ [u(x,y) - u(x,y-h)] = “y 

“xlc " **5cx “ ^“x^Tf " [«(*+•»,y) - 2u(x,y) + u(x-h,y)] 

h 

Then replace ( 34 . 3 ) by the difference equation 

(34.4) "yy - “xx “ 0 

Given any net point Pq ~ (xo»yo)* call value of u there Uq; likewise 
define: 

Ui = u(xo,yo+h) 

Ua * u{xo+h,yo) 

Ua * u(xo,yo-b) 

U 4 = u(xo-h,yo) 

Then the difference equation ( 34 , 4 ) becomes: 

(34.5) Ui + Ua - Ua - U 4 = 0 

Note that Pq has not entered into ( 34 . 5 ). indeed the equation ( 34 . 5 ) only 
converts values of u at alternate points of the mesh; so we have two sets 
S and S, of values, and we can confine ourselves to one subset, say S. 

Now we are given the values of u at mesh-points on the line y ~ 0, the low¬ 
est line, and since we know u^, we can write (taking it as a difference) 
Uy(nh,0) = ^ [u(nh,h) - u(nh,0)], 

so we can get u(nh,h). That is, initial conditions give values on lowest two 
lines of the mesh. But then by ( 34 . 5 )^ the values of u at any point in the 
third row is given, in terms of its three neighboring points in the two 
bottom rows: u^ ^ u^ - Ug + U 4 . Proceeding in this way, we can get the value 
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of u uniquely determined at every point of S. Furthermore, it is appar¬ 
ent that for a given point P, its value is determined by the values on 
the first two lines between two numbers ct and 3 obtained by drawing lines 
xXy = constant and x-y = constant through P. Now if we denote: 


Ui ’ Ui-U^ 


Ui = Ui-Ua 
U4 = U4-U3 


Ug = U 2 -U 3 

where slant of arrow corresponds to direction along characteristic, (34.5) 
becomes 

Ur 

Ui = Uj. 

So differences along any one characteristic line, in direction of the other 
characteristic are all equal, and hence equal to one of the given differ¬ 
ences on the two bottom rows. On the other hand, Up-UQ^ = sum of all differ¬ 
ences along line Pa, so we get 

0 

(34.6) u * u- + 2 u^ 

P a a 

But now, if we want a formula for solution of (34.3),, let h—^0| where 

- . z 

given values on bottom line— ^Zq(x) while the difference quotients _.^qo(x). 

h vIT 

The right side of (34.6) then —^ 

x+y 

*o(x-y) + 1 ./ qo(^) 

x-y 


and left side—> <p(x,y). Hence we get 


x+y _ 

cp*(x,y) = zo(x-y) / qo(fi) 


x-y 


where initial conditions are as given. 


35 . In a siiniUT manner, one could find solutions of: 

(35.1) Sltt -k* Siu + + + 0 

9x* 9y 9x 9y 
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In section A, it was shown that a homogeneous linear 
hyperbolic equation with constant coefficients could always be 
reduced to the above form, and indeed to the form: - Zyy az ” 0. 

Chandrasekar^ considered equation: 

^ . alj + , - 0 

Ox 9y 

under conditions: 


z(x,0) * zo(x); 

*y(x,0) • qo(x) (0<x<l) 

z(0,y) ® <p(y) 

(y>0) 

z(l,y) * v(y) 

(y>0) 


He obtained solution by constructing a function Go(x,y;£,T^) which is 1 
on characteristic x+y * and on line x = 5, y £ 11. Then by a 
Green’s identity, and straight Riemann method, )ie obtained a solution 
involving only quadratures. 

Bourgin and Duffin^ considered the analogue of Dirichlet and 
Neumann problems for the vibrating string equation (34.1). They 
established results of the following nature: 

Let R be a rectangle: 0<]c£S, 0<y<Y and let oi * Y . 

S 

Let <p(x,y) be a solution of (34.1) in the interior of R which vanishes on 
the closed boundary; let 9(x,y) be of class in R and and 9yy be 
Lebesgue summable in R. Then in order that the solution be unique, it is 
necessary and sufficient that CL be irrational. 
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Various other problems have been studied for equation (35*1). 
Hamburger^ has considered the homogeneous equation [h(x,y) • O] where 
the coefficieiits d, e, g arc periodic functions of y in a strip Xo£x<Xi 
d(x,y+2Tl) ■ d(x,y), e(x,y+2Tt) * c(x,y), g(x,y+27l) * g(y) and tried to 
find an integral q)(x,y) with properties (a), O) and: 

(k) (p(x,y+2n) » <p(x,y) for xolxlxj. 

He has obtained, under rather strong assumptions concerning the behavior 
of the coefficients, conditions for a solution, and seems to have carried out 
an approximation method for obtaining the solution. 

Badescu^ worked out a simplification of a method due to Picone 
that could be used to solve various problems such as G for equation (35.1) 
and for the slightly more general one obtained by replacing g(x,y)z - h(x,y) 
by m(x,y,z). 

Einaudi^ considering a simple case in which the coefficients are 

singular: 

(36.1) d(x,y) * a(x.v) . e(x,y) = fiijuxi, g(x,y) * Y-Uol) i 
x-y x-y x-y 

h 

h(x,y) = (x-y) p(x,y) (h>0) , k = 1 , 

established, by a method of successive approximation, the following: 

If a, 3, Y continuous in the triangle A indicated, 

y = X 



X 
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and if a 1 m, P £ n, Y £ p» and we set 

^ ' #r #r ^ WT)fkT!rr 

then if P ^ 1, there exisis a funt lion <p(x,y) of class A in A such 
that z = <p(x,y) satisfies (35.3), will coefficients given in (36.1), 
and such that (x-y) k+2 (p(x,y) -• 0 

(x-y) k+1 ^Pj^Cx.y) 0 
(x-y) k+1 9y(x,y) 0 

as (x,y) a point on AB. It is not clear how the limit it taken; 
probably norna lly. 

Bergmann solved the problem of Cauchy by relnting the unknown 
functions to a special kiiK? of complex operator, and getting approxi¬ 
mating polynomials. Ingersoll^ solved a problem logons to the Gonrsat 
problem for equation (35.1) except that the initial data was the value of u 
the line x ~ 0 and u„ on the lin* y “ 0, rather than the values of u itself. 


D. General Hyperbolic Equation 

(22.2) F(x,y, ° 0 

0x dy (3x 3x9y 9y 

37, In 1926 Lewy^ obtained a general solution to problep C, by using 
systems of first order partial differential equaticn^, which were in turn 
solved by finite differences. Instead of taking the initial curve in terms 
of a single parameter M., however, he assuires a plane, with coordinates ((X,3) 


on 
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considers a line segment in that plane: 

L: 0t + 3~0,a<ao,pl3o. where oto + 3o ^ 0 

and assumes that we have x(a,3), y(a.3), 2(a,3). p(a,3), q((X,3), r(a.3), 

s((X,3), t(a,3) given along this line in terms of arc length; that is, if 

X is a parameter, equations of L are: 

L: a * 3 = +A. for XeM: X^lXlXgwliere Xi^O^Xj. 

vIT vfl 

and we are given Xo(X) 5 f^)» yo(^)»**‘» to(^) such that these eight 

nTT nIT 


elements form a strip of second order, (i.e., satisfy equations (04 and 
such that 


A 


Fr 

Xo‘(X) 

0 


yo‘(X) 

Xo‘(X) 


Ft 

0 


^ 0 


yo‘(X) 


where in F^., Fg, F^ we have substituted x*Xo{X),..., t=to(X), which means 
that the strip is not a characteristic strip((24.5) does not hold). By 
analogy to (25.]) in the quasi>linear case, we can call: 

(37.]) Ry«® ° 

the characteristic equation of ( 22 . 2 ), where R I F^., S • Fg, T 5 Assume 

that Fj. / 0 and F^ / 0. (Lewy says that by a rotation of the x-y plane, this 
can always be assumed to hold; it seems to me that such a rotation can be 
performed in the neighborhood of a point but not necessarily for the entire 
plane region) Because 4 RT - = A < 0, equation (37.1) has two real linear 

factors: 


(Pix' -Oiya) (Pax' -aay') = 0 

where PiPa ® T, OiOq ® R# Pi <^2 P 2 C^i " ^ hence 0 < -A = (Pi<72"P2^i) • 

Now ifoi*!, Ca^R/O and we get 

Pi = X[S. vpAl , p 2 = [S+ >rA] so / 0 (i-1,2). 

2 R 
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Thus we can solve: 

(37.2) PiX^-o^y^ “ 0 

PaX^-OaY^ = 0 

Let the characteristics be the curves a * constant and 3 ” constant. 

Then we have, from the above equations: 

Pi - Oi ^0 

(37.3) 9a 9a 

Pa - Oj =0 

93 93 

[That is, although it is not explicitly stated, we get two distinct 
families of solutions of (22.]): (X(x,y) = constant and 3 ' (x,y) ” constant. 
Then make a transformation of variables: a ^ a(x,y) and 3 * 3(x,y). This 
has inverse x * x(a,3)i y * y(c*#P) under which equation(22.2) trans¬ 
ferred and also original curve C goes into straight line L. Now for any 
curve in (a,3) plane: a ^ f(u)> y ’’gC^)* first equation of (37.2) becomes 

Pi [ Sx ilflt + ii&l -CTi [3y dH ^ dfi] * 0. However, on curve 
da d^ 63 

Ot - constant, taking (X ” p, dH ” 1 and dfi ° 0» so we get first of equations 

dpi 

(37.3). Likewise, on other characteristic 3 ~ constant, and equation (37.2) 
becomes second equation of (37.3)] The other equations of the characteris¬ 
tic strips (24.5) must also hold. These become (see Lewy^ and Freidrichs 
and Lewy^), using notation of (24.5): 

/ PiR9L£'*‘OiT0a + aiX0x“O 

I 9a 9a 9a 


(37.4) 


R 2ji + Cl 

9a 


T 9t Oi Y 9x * 
9a 9a 


0 


9i -p 9 ik -q 9x « 0 
9a 9a 9a 



(37.4) 


/ -r -8 9^ * 0 
9a 9a 9a 
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f Sjsl -8 ^ -t 9x * 0 
I 9a 9a 9a 


I p2RSl + a2T§bBL + a2X9x*0 

N 9p 9p 93 

(There are other equations, on lines 3 * constant, we have not used.) 

These eight equations can be solved to get x, y, z, p, q, r, s, t as 
functions of a and 3f theorem 19.5, provided determinant of coefficients 


is not 0. In notation of that theorem, taking j„ 

=8, 

q>i ’ 

X, (p 

2 “ y. 

9 a 

a 

r, 

(P4. ■" 8, (Pu “ 

t, 

=* 

8. = P. <P8 

* q. 











Pi 

-Cl 

0 0 0 

0 0 

0 


Pi 

-Oi 

0 

p 0 

0 

0 

0 


0 

OiX 

PiR PiT 0 

0 0 

0 


P2 

-02 

0 

0 0 

0 

0 

0 


0 

a,Y 

0 PiR CiT 

0 0 

0 


0 

OiX 

PiR 

OiT 0 

0 

0 

0 


-P 

-q 

0 0 0 

1 0 

0 


0 

aiY 

0 

piRo^T 

0 

0 

0 

A = 

-r 

-s 

0 0 0 

0 1 

0 

— « 

0 

a2X 

P2R O2T 0 

0 

0 

0 


-s 

-t 

0 0 0 

0 0 

1 


“P 

-q 

0 

0 0 

1 

0 

0 


00 

a2X 

P2R O2T 0 

0 0 

0 


-r 

-8 

0 

0 0 

0 

1 

0 


P2 

-a. 

0 0 0 

0 0 

0 


-s 

-t 

0 

0 0 

• 

0 

0 

1 

Expanding: 

A = 

-[Pi 

O2 • Pq^iI 

RT^ = 

A F 



0 

Q 

II 

1). 





Now given initial values Xq(X),...,Z o(X) on line a + 3 “ ^7 theorem 19.5, 


there is a unique solution of (37.3) and (37.4). 

X = x(a,3). y = y(a,3)» * = z(a,3)» p p(a,P), q * q(a,p), r * r(a,p), 

s =s(a,P), t * t(a,3) 

in the neighborhood of line L which takes on prescribed boundary values. 
Furthermore, from first two equations (37.3) 

9v 9v 

9a - ^ = £i - M. 

Sx 225 ai 02 

9a 93 


so we can solve and get a and 3 ss functions of x and y, and therefore get 
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(37.5) * = z(a(x,y),3(x,y)) ; ()i(x,y), p - p(x,y).t « t(x,y). 

Since (37.5) can be shown to satisfy 

F(x,y, 2 ,p,q,r,s,t) * 0 
as well as the other strip equations 

dz "p 9x -q 8v « 0. 9 d -r 9 x •s dy « 0. 6a -s 9x ^t 0 y « 0. 

ap ap ap ap ap ap ap ap ap 

this means that we can take z » (p(x,y) and p » (p^Cxyy) and q - (Py(x,y) and 
r * <Px 3 £(x,y), s= (PjjyCx.y) and t = (Pyy(x,y). Hence z = <p(x,y) is a solution 
of equation (22.2) and has prescribed boundary conditions. In other words, 
Lewy established the following: (compare theorem 28.3, page 123) 

THECBEM 37.1: 

(a) Let F(x,y,z,p,q,r,s,t) be a function of class and let 

A * 4Fj. F^. - Fg* < 0 everywhere in a region S. Let F^. 0 and F^. / 0 in S. 

Let'the solutions of the characteristic equation (37.3) be a(x,y) - constant 
and p(x,y) = constant and set a = a(x,y), p = p(x,y). 

(b) Let C: jx = Xo(^) be a curve which under the above trans- 

[y * JoM 

formation goes into the line L: ot P “ 0, a £ ttoi P £ Po where (Xq Po ^ 0. 
(So C is not a characteristic curve.) 

(d) Let Zo(u), Po(^)* qo(^A). r = ro(n), a * So(ii), t = to(^I) be 
given functions which can be transformed correspondingly into functions of 
arc length and which satisfy (24.4) (strip equations). Then there exists a 
function (p(x,y) such that, for some region R containing C, 

(а) (p(x,y) is of class in R 

(P) z « (p(x,y) is a solution of (22,2)^^ ^ 

(б) <pCxo(n),yo(u)] “ • Po(tA). 
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cPy [xo(M-) .yo(^A)] = <Pxx^^o(^A)»yo(^A)] = ro(^), 

9xy » yo^ “ Sq(P.), (Pyy [xQ()i) , yQ(p,)] = tQ(|i). 

Cinquiiii-Cibrar solved problem C by reducinj^ it lo a problem in 
first order equations as above and tbeo using Picard succcsstm approx¬ 
imations. Cibrario^*^ used this same method to solvo the problem of 
Goursat (the second papej 'isted simpler hypotheses than the first). 


THEOREM 37.2: 

(a) Let F(x,y,z,p,q,r,s,t) be of class and let 
A = 4Fj. Fj. - Fg^ < 0 in a region S. 

(b) Let Yi Y 2 ^'*'0 arcs given by equations of class , 

intersecting at an interior point 0* 

(c) Let a(li)and t (v) be functions given on these arcs of class 
A®, and let all functions x(ii),y(g.), x(v),y(v), a(M.),T(v) satisfy Lipschitz 
conditions. Let Yi ^i^d Y 2 have distinct tangents at 0 which are not divided 
harmonically by the projections on the x-y plane of the characteristic 
directions at 0. 

Then there exists a unique function q)(x,y) such that: 

(a) (p(x,y) is of class A^ in a neighborhood N of 0. 

(g) z = (p(x,y) is a solution of (22.2) i*' N* 

(y) (p(x(m.) ,y(^) ) = 0(^1) and (p(x(v ) ,y (v )) = t(v). 

COROLLARY 1: If (22.2) is the quasi-linear equation(22.1), A® may be re¬ 
placed by A^ in (b). 

COROLLARY 2: If Yi Y 2 arcs having 0 as a common end point, same 
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result holds in the angle between Yjl nnd Y 2 provided this angle is free 
of projections formed by characteristic directions. 

Cinquini«Cibrario^ also considered the problem where 9 and 9^ 
are given on Yi and just <P on Ya • She proved the existence of a unique 

solution, provided OLx and CLq are separated by exactly one characteristic 
direction. The same result was found by Schauder.^ 

E. E. Levi^ also considered equation (22.2) in his work on 
hyperbolic equations in ti independent variables. 

Both Hadamard^ pp. 501*513 and Courant*Hilbert; pp. 332-337 have 
expositions of Lewy*a theorem, in which the proofs are probably easier to 
follow than in the original paper. (C.-H. reduce the problem to quasi- 
linear equations, by successive approximation, which they then solve by 
Lewy*s method pp. 326-332), 


E. Systems of Hyperbolic Equations in Two Variables 
38. Linear Systems 

Germay^ established the foJJewing results: 
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and such that 

U(x,0) = cpi(x); U(0,y) = M^i(y) 

V(3^,0) = (PaCx); V(O.y) = y^Cy) 

where q)^(x) are continuous on 0<x<a, \|r£(y) are continuous on 0<y<P, and 
q)i(O) » \|/i( 0 ) (i = 1 , 2 ). 


Proof: (An extension of the Riemann method, using Green’s functions.) 


The above equations are a special case (X * 1) of: 

(38,2) = X[ai(x,y) ^ +...+ ki(x,y)ij] + f^Cx.y) 

3x3y 0x 

Then the functions U(x,y;X) and V(x,y;X) whose existence is established 

in the above theorem are given by: 

X y 

U(x,y;\) = /o /o ( fi(C.n) H,(x,y:J:.n X) + 

• Hj(x,y:{:.n:X)) dndC 

V{x,y:X) » /o /o ( fi(C.ri) K,(x.y:{:.n:X) + fjCC.n) 

• Kj(x.y;C.n:X)) dnd?: 

where Hi, Wq , Ki, K 2 are the Riemann functions associated with 38.2. 

These functioii.s ^-re analogous to Green’s functions and are solutions of: 

^ = [a^Cx.y) +...+ k£{x,y)zj] (i = 1,2) , 

0x9y 

one set being /° ““<1 ° Hj(x,y) 

\z^ = Ki(x.y) \z, » Kj(x,y) 

for X = ^, they take on initial values which are solutions of: 

ifi ■ X[ai(C.y) p + gi(C.y)o] 

dy 

ia ' XCajlC.y) P + «2 Ciy)a] 

dy 
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and for y ” they take on initial values which are solutions of: 

ifi ■ X[bi(x,n)6 + hi(x,ii)u] 

dx 

ilii • \[b,(x,r^)6 + h 3 (x,r))u]. 

dx 


The determinant 


Hi H, 


1 for X * C. y “ T^' 


I K, K, I 

Results can be generalized, according to Germay, to systems of equations 
of the form: 


(38.3) 

9x0y 


\ ^ + b-|^(x,y) ^ + c^)^(x,y) i|j(x,y)] 

k-1 ^ 9x ^ ay ^ 


fj(xiy) (j • I.....P) 

to obtain solutions which vanish for x = 0 and y - 0. 

p y 

Solutions are zj » Zj(x,y;X) * E /q/o ^sCC.n) Gj3(x,y;C,Ti;X) dr\dC (j * 

s*l 

where the Riemann functions Gj^ are defined analogously to the above and 
are given by: 


« n (n) 

Gj g (X, y J ^ ,T) J X) * E X j 3 (^»yiC»n) (j f ® * li«*»»p) 

n»0 


(n) 

where gj, (x,y;C t^) 


X y p ^ (u-l) 

SJ 2 [a-kCu.y) Qgka (".^iC.n) 

^ n k=i ^ au 

(n-l) (n-l) 

+ bjj^(u,v) zl * CjsBks ^ ‘*’^‘*'* 

ay 

y P (n-l) 

+ 2 t«jk(C.v)gka (C.y;C.n)] dv 

k-1 

X p (n-l) 

+ /j. 2 [l>jk(“>n)gk8 (n.Tl.CiTl) du 

k-1 


(j * 1****»P! n — If2f3t...) 



150 


end these recursion formulas begin with 
gj, ■ 0 for j ^ s; g,g = 1. 

39* For quasi-linear systems: 

^ = , (,.y) ^ - bi(x.y) ^ Ci(x,y)*, 

0x9y 9x °y 

(39.1) + g.(x.y) 1^ + hi{x.y) + ki(x,y)xa 

+ Fi(x.y;x,.xs: 1^. 1*^, (i - 1,2) 

Ox Oy Ox Oy 

Germay^ showed ilat, in the neighborhood of (0»0)t there exist solutions 
(39.2) Zi = U(x,y), za * V(x,y) 

of (39.1) such that (39.3) U(x,0) = U(0,y) = V(x,0) = V(0,y) = 0 
provided a^,...,k£, Fj^(x, y; zi , 7.2 , pi, qi, p 2 , qa ) are continuous in 
P: (0lx£<*, 0<y<p, |z^| < P.^; Ipjl < Pj: Iqjl < Qj 
(1 = 1,2) in D, 

and provided satisfy Lipschitz conditions: 

I F£(x,y; zi, Z2 , pi, qi, P2 ,q2 ) - F£(x, y; zi , za , pi , qi, P2 qa ) I 
< M£[ Ui-Zil + Ua-zal +...+ Iqa-qzl ] (i * 1 » 2 ) 

The procedure is a recursive one: 


zi = Uo(x,y), Z 2 * Vo(x,y) 

are solutions of the linear system obtainec’ from (39.1) by neglecting the 
last tern, which vanish for x = 0 and y = 0. 

zi » U|^+^(x,y) and za “ Vjj+i(x,y) are solutions of the linear 


system: 


^*i * ai(x,y) +...+ k^(x,y)z2 + 

9x9y 

Fi[x.y;U„.V„; (i ■ 1.2) 

9x 9y 9x 9y 
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which vanish for x ■ 0 and for y * 0. Then the solution of (39.1) and 
(39.2) is U ■ lim U (x,y) and V ■ lim V (x,y). 


He also considers the general systems 

(39 2) ^ ** ’ ^i(x,y; *1 .Zj: ) (i * 1,2) 

' d*dy 9x 9y 9x 9y 

_ « 
where $£(x,y; , Z 2 ! Pi * *> P 2 < ^2 ) class A in the neighborhood of 

( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) and such that the linear part of their expansions 


in powers of Z 2 Pi P 2<12 vanish identically. Then the above 

system has a unique solution: 


*1 = U(x,y), Za = V(x,y) 

00 

such that U(x,y) and V(x,y) are of class A in a neighborhood of (0,0) 
and 

U(O.y) * V(O.y) = U(x,0) * V(x,0) = 0. 

These integrals can be calculated by successive approximation by means 
of Riemann functions associated with the linear parts of the expansion 
of the second members, for X = 1 . 

Cioranescu^ considered solutions of 39.1 and 39.2 by solving equivalent 

systems of first order equations. L. Martin^ also studied (39.1) , getting 
solution of Cauchy problem. 

Kourensky, M.^ in a series of papers obtained necessary conditions that 
systems of the following form he compatible: 

Fi(x,y,z,z,p,q,p,q,r,s,t,r,s,t) » 0 

- • • ... 

Fa{x,y,z,z,p,q,p,q,r, 8 ,t,r, 8 ,t) - 0 
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in which certain specified partial derivatives of second order appeari 
are compatible with 

5 '(x,y,z,z,p,q,p,q,r,s,t,r,s,t) * constant. 

E. Titl. , following the work of Biquier and Thomas, con¬ 
sidered the completely integrahle system: 

(S) 9 ^ ^ ^h + terms of lower order 

(i * r* l,...,s; s= l,...,n) 

where no left member appears on right in any equation, and ”0 if 

8 >p or if s * p and r>oi. We say such a system is in regular form. 


5 8 . 0 (i-i.u, 

h=l a,P»l 

hap . ^ r)v 

where a^ and C£ are functions of x , vu, and ^^h . and L equations are 

0 x® 

linearly independent on ^h ) then in a non-singular coordinate system, 

i7i7 

hap 

this system can always be put into regular fornu Indeed if and 

a ha . a 

are analytic functions of x , V|j and p in neighborhood of x =0,... 
then the regular system is orthonomic. 


THEOREM 39.3 There exists one and only one set of functions vj^^jj(x), 

OL 

(a,b f 0) analytic in neighborhood of x =0 such that together with first 

derivatives, they reduce to assigned functions on individual surfaces: 

^ o b n j b— 1 

^^hab reduce to F(x ,,„.,x ) on x =0 * 0 

3x^ (j ' •+!.b-1) 

^ b+1 n 1 b 

^hab* ^^hab reduce to F(x ,...,x ) on x = 0,...,x * 0 

9 x (m=l,...,a) 
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an(]| sitcl> that together with they constitute a solution of the 

completely integrable system (S). 

The rest of Titt's paper is concerned with getting charac¬ 
teristic surfaces, and similar problems. 


F. Hyperbtilic Equot ions in More than Two Variables 

40. In section 26, ^ classification was given of equatici s of the form: 

(40.0) . I .x„) + f(x».x„.u. ’ 

If equation (40.0) is hyperbolic, the problem of Cauchy would be to deter- 

o 

mine a solution so that on a given hypersurface: =* x^ (si,. . •, , 

we woulc' have 

u ■ u°(8i.Sn-1^ “xi ' * • • • • »n-l^ 

where X£°,u^,p£° are ar’ilirary functions of class and 

■ j, ''i" 2ii°. 

3*j a.j 

If the surface were given in the form: G(xi,...,x^^) * 0, then the initial 

data would be the value of u and of one of its dirtctionn] derivatives, in 

any direction not tangent to the surfitie. Now if one wished to apply the 

Cauchy-Kowalewski theorem of section 55 , it would be necessary to make a 

transformation such that this surface goes into a. plane - say X * 0 

n 

we can set s G(xi,... ,x,j), ® X£ (i*l.r-1). But then the 

2 

resulting equation would need to be solved for 2 ..U , in order to bring 

ro 

it into normal form, which would mean that 

2 a.x 2IL 2£L M 

0 xi dxx 
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In that casey the solutioii uouJd be unique. If the condition does net 
hold, wo can say that the surface is a characteristic surfacei which is 
exactly the definition given in section 26, In 1923, and in a reyised 
form in 1932, Hadamard made a compreheiis'l\e study of the problem of 
Cauchy for linear equations:(26.]) which we shall sunmarize. Defining 
hi characteristics and conoids as in section 26, the geodesic distance 
ai,...,aj^) defined there may be obtained from: 

2 ai^ 211. 2IL = 4r 

3xi dxy 

He then establishes the following: 

THEOHh'Fi 40.1: Consider the linear homogeneous equation: 



where a^j^, b*, c functions of {xi,...,Xjj) and where the charu<’teristic 
form has \^.^\ f 0. Then theie is an elementajy ailution with any arbi¬ 
trary point a * (ai,...,a^) as pole. It is of the form: 

(40.2) u = U (m odd); u * _+ F (n even) 


where U is a specific bolomorphic 


fund ion 


taling on value 



at a, while 


V is any other bolomorphic function. Thus it is unique, for odd n, and not 
unique for even n. 

This fundamental result has hcfn obtained in other and 
simpler ways, recently. Thomas and Titt give it in terms of 
modern tensor analysis; Bureau rephrases it ain^ ’roves it by 
tensor notation also; Geheniau and D® Donder have a form which they 


say is good for certain ^pplications. 

To solve the problem of Cauchy, first find the elementary 

solution of the adjoint equation: 
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(40.3) M(y) ■ ? , _9“_. (Ai,.T) - .2, _2 (Biv) + Cy - 

i.k-i axjax,, ax. 


The following identity relates L(u) and M(v); it is similar to that for n*2. 

(40.4) ///[v L(u)-u M(v)] dxi,..dy * -// (v Su-u jiy + Nuv)dS 

^ 9 v dv 

For the normal hyperbolic equation - that is, the one where the char- 

2 " 2 

acteristic form 2! a^^ can be reduced to 3i at any given pointy 

of a region R, Hadamard then obtains a solution of Cauchy’s problem provided 
the characteristic conoid through a given point cuts the initial surface in 
a certain portion which together with the conoid will be a closed region - 
the formulas are too long to be given here, but they are analogous to the case 
n"2 and follow from substituting in (40.4). The solution is obtained for n 
odd, where it is unique, and then by a method of descent, for n even, where it 
is not unique, because of the last theoreni. (His distinction of ** space- 
orientedV and ** time-oriented” surfaces is good when one of the variables 
associated with (40.1) is t.) Bureau^ gave another kind of integral to replace 
the peculiar improper integraJ Fadainard had to use. The same is true of 
Thomas and Titt’s^ work, since they used normal coordinates. Schauder con¬ 
sidered the initial value problem for the linear hyperbolic equaticxi in n 

variables: ^ ^ 

(40.5) . 2 n —9-^ -x_ + Z * b- Bs + cz • F 

^ ^ 9xj 

where each b^, c, F is of class in the neighborhood of every point 

THEOREM 40.2: There exists a number 6 > 0 depending only on the coeffi¬ 
cients and on the pyramid frustrum so that for any arbitrary plane 
£: x,^ ” constant and for arbitrary initially analytic data on E, the Cauchy 
problem for (40.5) is solved on every strip of E of width 6. Here 
is supposed to be pyramid with base in an (n-1) dimensional cube in the 
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plane * x„ . 

Then by replacing condition of analyticity by condition that 
coefficients And data can be approximated analytic data, Schauder 
widens the existence region of the solution to be an entire pyranid 
P,j(Mi) where [aoj^lSMi, | b^ 1 <Mi, 1 c(<Mi, | da^j^ll Mi. Lahaye^ obtained a 
solution to the problem of Cauchy for equations of the form: 

^Ao(*) - Ai(x) ^ Pi{*) E(x) (x-(x....r„ 

and then applied successive approximation to get solution of the problem 
for (40.1). 

Mathisson^ obtained a solution to (40.5) for any hyperbolic 
equation by using a Reimann metric and covariant differentiation. 


)) 


41. Special Linear Equations 

Consider the problem of finding a solution of 

(41.1) 9^z - 9^2 - = 0 

^ ^ ay^ 

of the form z * <p(t,x,y) so that 

(41.2) 9(0,x,y) ® zo(x,y) 

9i (0,x,y) “ qo(x,y) 

We set zofX ® azn (x,y) and zo,y * 2jta (x,y) and let P ® t -(X-x) -(Y-y) . 
ax 9y 

The Volterra formula is: 

.(t,x,y) » ^ *o(X.Y) + t qo(X,Y) + (X-x)*o,, (X.Y) 

2nt R NT 

+ (Y-y)io,y (X.Y) dXdY 


where R is the region in the (X.Y) plane defired by F ^ 0 - that is, the 



157 


interior and boundary of the circle: (X-x)^ (Y-y)^ » t^. One can 


also write 


*(tiXfy) “ _Ji Jo Jo 
2k 




tp sin 0*0,y^ pdpdG 


where arguments of Zoi<]o**ox* ^oy (x’*’Tp cos 0, y’*’tp sin 6). 

Existence of solutions is assured provided Zq is of class and qQ of class 

; then q>(tfX,y) will be of class A^. Above formulas show that if Zq is of 
n+1 n 

class A and of class A , then we can get formulas for nth derivatives 

n 

of (p, and so q) is of class A . 

The Huygens principle in the extended sense says that the solu¬ 
tion on the plane t - t^ (t2>0) instead of being obtained directly for t - 0» 
can also be constructed by first finding solution on t » t^^ (0<t^<t2) with 


initial conditions on t » 0 and then finding solution on t t2 with new 
initial conditions on t ” t^. (Hadamard^) This will require if we want 
z ~ 9(t,x«y) to be of class A^ , that values on t * t2 class A^ and 

on t » 0 of class A^. 


Courant and Lewy* obtain existence of solutions oT (4}.l) and (41.2) using 
another kin«I of conditjor. Supi>use E is a convex closed region in the (C,T^) 

plane. Denote by ^ Z any part if 1 derivative: 

(h*0,...,n). 

A continuous function defined in E has the property A provided: 



A) w(C,r)) can be uniformly approximated in E by functions 
class A^ such that 

/ / [Aw ]* < M and / / [AVJ* d^.d^ < N (v»1,2,3...) 

E E 



hold for all possible Aw^ and A®w^ and for certain M > 0, N > 0 which 
are free of V. 

A function defined in E has the property Aj^ provided: 

^n) v(CiT)) is of class A in E; v and its derivatives up to 

nth order can be uniformly approximated in E by functions v^(x,y) of 
n-»-2 

class A where the nth derivatives of v^ have property A; that is, 

/ / [A"*l (Kdn < M and If [A'‘*2 y J* < N 

E E 

(V = 1,2,3...) 

for all possible and and certain M > 0, N > 0 which are 

free of v. 

LEMMA: If v has property A^^ then v^(x,y) can be taken as polynomials. 

(Weierstrass approximation.) 

THEOREM 41.1 If Zo(^fy) polynomials there exists a poly¬ 

nomial (p(t,x,y) satisfying (41.1) end (41.2). (This is immediate.) 

THEOE^ 41.2 Let ZQ(x,y) and qo(x,y) be defined in E and posses property- 

Aj and property A^ respectively. Let K be a frustrum of a cone with base 

in the circle: x* + y* < R*, in the plane t = 0 and vertex (t = R > 0; 

X * y « 0)» cut off by plane t * constant. 

Then there exists a function cp(t,x,y) defined in K which is of 

class A*, which has the property Aj in every plane P whose distance from 

the x-y plane is < and such that 3$ has property A^ in P (d® is in 

9n 3n 

direction of normal to P) ; the functicn (p(t,x,y) satisfici^^ (41.1) and (41.2) 
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Michlin^ considers problems of Cauchyi Dirichlet, and Neumann 
type for equation (41.1) ^ half cylinder. 

Courant, Friedrichs, and Lewy^ consider what is essentially 
the same equation: 



by means of difference equations. Existence is established provided 

Zq and qQ are of class A^. Solution is of class . In the same paper 

they consider the more general equation: 

9^1 - (a 9^z + 2b 9la_+ c 9^ z ) + a9£ + p9i+Y^ + 6z* 0 
9t^ 9x 9x9y 9y 9t 9x 9y 

with boundary conditions (41.2). where a > 0, c > 0, ac - b^ > 0 and all 
coefficients are of class A^, while Zq is of class A^ and qQ is of class 
A*. Solution is again obtained by using difference equations. 

Ignatovskij^ considers the same kind of problem in four vari¬ 
ables: 

1 9^u - (9^u + + 9lu) + c^ 9si + mu * (p(x,y,z,t). 

c 9t* 9x 9y 9z 9t 

Using Laplace transforms, he solves problems of special kinds for tlis 
equation (no proofs). For the case c^ ” m^ - cp =0i see Feller and 

Tamarkin^, p. 47-49, for treatment by Hadamard's methods. 

Lowan^'* has considered a series of problems with the equation: 



P being either x or lx,y) or (x,y,z). 
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Boundary conditions are of the nature of problem G or problem 1. 

The solution is obtained by Laplace transforms. This metliod, 
of reducing the number of variables involved by a Laplace transform, 
has been used by others. 

Gogolad2e^ considered equations of the form: 

Ai ^ * A, ^ * A, ^ 1“ * “ 

Ox Oy 02 Ox Oy Oz 

= 4 

c 

where A^, a^, r are functions* cf (x,y,z). Boundary conditions give 
^auchy data u and u^ for t ~ 0 and value of u on a surface. He gets a 
generalized potential. Other special equations have been considered - 
the above selection indicates the methods used. 



42. Quasi-Linear and General Case 

Soboleff^, using some inequalities t^neralized from a 

and lewy, shows that there exists a solution z = Q>(x, 
n 


— A • I, 9 2 - 9 z 

i k*l 


where A^j^, F depend on 


F 


lemma of Friedrichs 
y) of 


" ® 2 

Z, , 2il, Xi,...,x_,t and . 2 A-i p- p. > C .2 p* 

9x1 ax„ 9t 

satisfying the conditions: 

u(x,0) * zo(x) , u^.(x,0) = qo(x) x * (xi,...,Xj^) 

2 

and such that <p is of class A . The solution is unique. Schauder ob¬ 
tained essentially the same result on the basis of polynomial approxi¬ 
mations together with his results on linear equations. Kryzanski and 
Schauder^ considered mixed boundary problems for this equation. 
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Titt^ treats a fairly general analytic non-linear problem with various 
kinds of initial data by reducing it to linear problems, by Lewy’s 
method, when n * 3. 

Cr. Parabolic Equal iotn^ 

The equation 

(43.1) a(x,y) + 2b(x,y) 3^s + c(x,y) 3° g *•* ^(x,y,i, 2ji,2x) * 0 

3x 3x3y 3y 3y 

(ac • b* ) , 

can be reduced to a canonical form: 

(43.1a) C(C,n) a!w + F(C.n.w,2(!i,2w “0 (C ^ 0) 

W 3C dr\ 

by a transformation T: C = U(x,y), T\ * V(x,y) provided 

(43.2) |a| + Id > 0 

in the region Po. (Shown on page 102.) There is only one family of char¬ 
acteristics of (43.]), since the characteristic equation (25.1) becomes 
a’y -2Nac xy + c*x *0 

(assuming a ^ 0, c 2. 0 since ac * b* > 0), For the normal form, 

(43.3) 3^_ z + f(x,y,2,^, 2^) * 0 

3x 3x 3y 

these are the lines: 

(43.4) y » k 

If a, b, c, are constants, A, B, C, with AC * B*, because of (43.2) A 0 

and C ^ 0, and both have same sign so we take A > 0, C > 0, The charac¬ 
teristics are the lines: y - ^Tc x “ k; the characteristic through (xo»yo) i« 

^ (y-yo) ■ ^ (x-xo). 

Ihe transformation: 

(43.5) fi • "Ja X + Jc y; 

n* - JCx + JAy 

will reduce the equation to the form (43.la). 
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44, There are three basic t.ypes of problems for parabolic equations. The 
problerti of Cauchy is to find a solution such that z and its normal derira* 
tive assume prescribed values along a curve; which is nowhere tangent to a 
diaracteristic. For the norriial form (43.3), the initial value problem I 

ix to find a solution such that <P(xo,y) ® g(y) and <Pjj(xo,y) * h(y). (Prob¬ 
lem C can be reduced to this, at least in the neighborhood of a point.) 

For analytic data, the existence of such a solutjen is given by theorem 
25.1. When the initial data is not analytic, Holmgren^ showed that there 
is not necessarily a solution to the problem; this is true even if we 
require onl> that: 

(44.1) lira cp(xo,y) = g(y)» lim <Py(x,y) * h(y). 

X“*Xo X-^Xo 

The second kind of pioliler", vlich we shall call problem H(son(- 
times called the problem of limits) in general consists in finding e solu¬ 
tion which assumes prescribed values along a portion of a characteristic, 
and along two adjacent non-characteristic curves. E. E. Levi^ gave a class¬ 
ification of such frontier curves. One oi both of these adjacent curves may 
be a line at infinity. 

The third type of problem, problem D, consists in finding a solution 
which assumes prescribed values along a closed contour; this is analogous to 
tlje Dirichlet problem for elliptic equaticivs, lut it does not always have a 
solution, as was shown by Gevrey . 

(Doetsch^, in his address befoje the International Conference on 
Partial Differential Equations held in Geneva in 1936, gives an excellent 
resume of the histoiicil development of the idea of a solution - including 
why (44.1) needs to be usei?. He discusses maiiy other things besides exis¬ 
tence theorems, such as uniqueness.) 

45. In this section we consider the simplest parabolic equation. Holmgren 
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considered: 


(45.1) a!* . Qi • 0 

3x 9y 

A necessary And sufficient condition that there exist a solution of (45.1) 
for a £ y £ b, xo £ x whicli is regular and for which (44.1) holds, where 
g(y) is of class is that 


h(y) 


+ -Jto /I f 

IT TyX 


be a funciioh H of class 2. This last term is due to Gevrey^ , who in his 
fundamental paper on parabolic equations, called a function f(z) a function 
H of class Oi (<)( 21 1) if f(z) has an infinite number of derivatives on an 
interval and if | f^*^^ (z)! < MCn!) . 


If we consider a region R: 

/ 

9i(t) £ X £ <P2(t) 


ti £ t £ t2 


where (Pi'(t) and 92 '(t) are bounded, then Gevrey^ showed in 1913 that in 

order to find a solution n = (p(x,t) of u^. ” u^^ such that it will take on 

given values on the boundary B, the functions 9i(t) and <P 2 (t) must satisfy 

Folder conditions with 0- > ){. That is, for sufficiently small h, 

|<Pi(t+h) - <Pi(t)| < C |h|“ (i=l,2) 

2 

where a is a constant. Petrowsky generalized this result as follows: 


WEOREM 45.1: There will exist a solution of 

(45.2) an * 2L% 

3t 9x 

in R such that on the boundary of R, u(x,t) “ f(x,t), a continuous function, 
if for every t there exists u function p(h) which is contiiiux>us, positive, 
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defined for h < 0, has lin . p(h) « 0 and for |h| sufficiently small, 

h “* 0 

. <Pi(t+h) - 9 i(t) > 2 >lh log p(h) 

(45.3) __ 

(P 2 (t+h) - (PaCt) < 2 >lh log p(h) 

and 

f Dhj .l log Q(h)l dh - ® as h - 0 (c < 0). 

^ h 

Conversely, there exists a function f such that there is no solution 
u(x,t) of (45.2) in G assuming these values on B, in case for at least one 
t there is a function p(h), continuous, positive, '0 as h 0 (defined 
for h < 0 ), and such that( 45 , 3 ) holds, but 

c h 

converges for e “* 0 . 

We now give more c xpl icit solutions for certain problems of 
of type H. The characteristics are the lines t * constant. 


The equation 

(45.4) 3u = a^ 3^u 
3t ^ 

where a is a constant, is the basic equation of heat conduction. 
Problem Hi: To find a solution of ( 45 . 4 ) that it is defined for 

0 <x<L , t>0 , 

such that 

u * 0 for X = 0 and x « L 


and 


u 


f(x) for t = 0 
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If we write u • T(t) v{x), then equation (45.4) breaks up into 


dx 


V + Xv * 0; 


v*Catx*0 and x » L 

2 2 


il + a“XT - 0 
dt 

T{0)v(x) « f(x). 


For the first equation, when X * n k . (n=l,2,3...) we get v * sin nKx . 

IT L 

The second equation, for corresponding values of X ” X|^ has 


solution: 


T = T„ - C„e 




2 2 

■“n 


(^n " ^ .rbitrary) 

L« 


Hence Ujj = Cj^e 


I * 

^ sin nrtx (n=l,2»...) 
L 


satisfy first two relations; in general, will not satisfy T(0)v(x) 

= f(x), since this would mean sin nTtx = f(x). However, if we write 

L 

Blal t 

(45.5) u(x,t) * 2 Cjje sin nnx 

L 

then this condition would mean 

00 

f(x) * 2 Cjj sin nTTx 
1 L 

and by Fourier series, if f(x) is piecewise continuous on 0 £ x < L, 
this is true, provided 

rl 

(45.6) C ' 2 I f(x) sin nTtx dx. 

L ° L 

One can ahow that each jCj, | < C, and hence the series in (45.5) converges 
uniformly. Thus: 


IHEOREM 45.2: The function u(x,t) given by (45.5) and (45.6) i» the 
solution to ^ provided f(x) is piecewise continuous on 

0 £ X £ L. 

(This theorem can also be proved by usint' the Laplace 
transform. See Churchill^.) 



Problem To find a solution of (45.4) defined for Rq J-<»<x<+® 

1 t >0 

which is continuous in and such that 


u * f(x) for t * 0 . 

There is another condition here, sometimes not explicitly stated, but 
evident from the physical picture: 

(45.7) lim u(x,t) = lim u(x,t) = 0 


It is not hard to find solutions of ( 45 . 4 ) which hold inside R, 
but do not exist for t = 0. a solution, satisfying (45.7) is: 

(45.7a) I e ’ ^ 


Hence problem H 2 is usually changed to: 

Problem K: To find a solution u = (p(x,t) of (45.4) such that (p(x,t) is 

defined in R^ : rioe<x<+ao is continuous in R^ and such that 

\ t >0 

^'<<5.8) liin u(x,t) = f(x), 
t- 0 “^ 


Then we have: 


THEOREM 45.3: The function 


u(x,t) = 


/ f(a) e 


(a x)^ -6^ 

^^ ^ da = 1 f (x+ 23 aJT)e dg 


2 a >ritt 

satisfies ( 45 . 4 ) in R^ and ( 45 . 8 ) holds 


>ln 


Proof: Formally it follows from (45.7a); to show it can be a solution involves 
some discussion of differentiation under the integral sign. (It can be obtained 
as a Fourier integral.) Courant, Friedrichs, Lewy^ get it by means of a differ- 



167 


ence equation: 2 (ui -uo) * U 2 *'‘U 4 * 2 ao* 

L h’* 

Other pioiJens koTe been set up for (45.4) involying usually an initial 
condition like (45.8) and boundary conditions which are linear combina¬ 
tions of u(0,t),u^(0,t).uCL,t)»u^(L,t). Many have studied such problems 
by use of the Laplace transform. See, for example, Doetsch^ and 
Qiurchill^. The same is true for the non-homogeneous equation: 

(45.9) 2ji - ■ f(x,t) 

9t 3x 


The equation 

h 2 ji * 2 . [p 2 ji] -qu (h>0, p>0, q>0; all three functions of x) 

0t 0x 9x 

has been studied; the problem is to determine a solution in 
Rl (L 

/ t>0 


such that 


2ji - hu ^ 0 for X * 0 
9x 

2ji + Hu “ 0 for X ■ L 
0x 


(h>0, H>0; h'»’H constants) 


u * f(x) for t * 0 

Substituting u “ e v as before, one obtains an ordinary differential 
equation, if f(x) has properties which enable it to be expanded in a 


f(x) ■ I Cjj ®n “ *^0 

where 9||(x) are the normal functions associated with the eigen 
values X of the problem: 
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4"(p 4^) + (hX-q) T " 0 
dx dx 

v'(0) -hvCO) ■ 0 
v^(L) + Hv(L) « 0 

then the solution of given problem is 

® -X t 

u(x,t) ■ 2 c e " 

n*l " " 

See Horn^ - though the solution is found in many places. 

46, If h f 0 everywhere in Bo, so that ac > 0 in Ro and .hence a and c 
naintaiii their signsi which can be taken as positive, the characteris¬ 
tic equation of (43.1) becomes: 

Ta y* - >rc X* ■ 0 

If b ■ 0 in Ro, then c * 0 and a 0 everywhere in Ro and characteris¬ 
tic equation becomes: a x' * 0 or x' ” 0 and hence characteristics 
are (43.4), or else a * 0 and c / 0 everywhere in Ro and characteris- 
tics are x * constant. 

In this .section we give theorems applicable to the linear 

equation: 

(46.1) a(x,y) 2% 2b(x,y) d^-z. c(x,y) 21* + d(x,y) 2i 

3x 9x9y 9y 3x 

*»■ c(x,y) 2* * g(x,y)* + h(x,y) “ ® (ac = b*) 
ay 

where a,...,h are continuous in Ro* the reduced form (43.1a) is readily 
seen to be: 

(46.2) 2!« d(C,n) 2&i + c(C,n) 2fe? + g(C,nl w h(C.n) * o 

^ dC dr) 

where, setting L(u) ■ au^^j^ + ^^'^xy ^ ^'^yy ^ ^ 

d(C,r\) -_- 

T^2bU^Uy.,u/] 
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s(«:.Ti) -__ ■ im_, 

, - [x « X(C.n); y = Y(C,ti)] 

(46.3) g(C.n) =_aiXJQ_ ^ 

taU^“+ 2 bU^Uy+cUy*] 

h(C.Ti) » MX.Y) _ 

[aU/* 2 bU,,Uy+eU/] 

When a = A, b * B, c * C, where A, B, C are constants, then by (43.5), 

Uxx * ^xy “ ^yy " ® similarly for V, so we get (46.2), with 

d(j;.n) = g( X. Y ).; g(C.n) = k(X.Y) 

(A+O® (A+O® 

e(C.n) = ->fc'd(X.Y) * >Ia' e(X.Y ): h(C.n) “ MXJQ 

(XhCT (A+C)® 


where X( 2 ;,t\) and Y(Cin) are given by the inverse transformation: 

.1 X « X{C, 1 \) : 

T A+C 

y * Y(c,n) I jIjL±jJ-n 

A+C 


As a further special case of (46.1), we have d = D, e * E, g ® G, all 

constants. The resulting equation: 

(46.4) A z + 90 0^z + C d^z •♦•D0i+ESi'*’Gz + h(x,y) = 0 

0x^ 9x0y 0y* 0x 9y 

becomes under transformation ( 43 . 5 ) 

(46 5) '•■D0jii + E9j|i-»-G(») + h(^,T\) * 0 

a? 9^ 9n 

where 6 - >11D +E~E . E = D+>fr E and MCfil) ia defined as in (46.3), 
(MCy (A+CT 

But this can be simplified still further. Suppose, for example, E > 0. 
Then by setting S * >I^E5 1 (46.5)» can be reduced to: 

(*) 9lu - 9u-9ui.eu.£«0 

98® > 1:1 Qa 9n E E 


and then by setting 
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this reduces to: 

(46*.6) y - Sji:+Kv-h(8-ii)*0. 

9s 9 t\ 

When the equation is homogeneous so that h 0, we get 

2.% - + K V = 0, 

9s 9 t^ 

and if K 0, this can be further simplified by lett iug u * e ^v, so 
that we get: 

(46.7) 2.*u -au » 0. 

98 9ii 

In other words, the homogeneous linear equations with constant coeffi¬ 
cients, 

(46.8) A alz + 2B a!jL + C2li + Dai + Eai+Gi=0, 

9x 9x9y 9y 9x 9y 

can always be transformed to (46.7) . A study of (45.4) will take care 
of (46.8) while a study of (45.9) will take care of (46.4), unless E ■ 0 
whence (46.4) is essentially an ordinary differential equation. 

In the case o f (46.1) which reduced to (46.2), if e(C,il) f 0, we can 
perform a similar further simplification and get, instead of (46.7), 

9^u - Sii **■ M(s,T\) • u + N(s,T\) ® 0, 

^ 9n 

So equations of the form: 

(46.9) 9^z - Sz **■ g(x,y)z + h(x,y) * 0 
9x 9y 

will effectively represent linear equations (46.1). 

^7. A special case of (46.1) was considered by Feller^: 
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Let a, a^, a^, a^^ t^xiat continuous in B and a > 0. 

Let 9(t,x) ■ /* -dv and asaune lin <p(t,x) ■ "®» 

® /aU'y) 

lin <p(t,x) - +«>. (R: .aXx<-W); to<t<ti) 

X-*-C0 

Consider the equation 

(47.1) M(z) - 0 

liiere M(u) ■ u^. + /a (/a - /a u^^ 

and ita adjoint equation 

(47.2) M*(w) - 0 

uhere M*(u) • - U|. + (/a (/a u)^^)^^ + (/a u)^^. 

Then if to<t<T<ti, .■,to.(Ta-Q-y.Ct^x).l^, 

4(T.t) 

(47.3) Uo(t,x;T,C) _J_l_e 

2/^ /aTx,C) /r^ 

ia, aa a function of t and x, a solution of (47.1), and as a function of 

T and C a solution of (47.2), Also 

lioi Uo(t,x;X,C) *0 (x ^ C) 
t-x* 

lb is continuous for t < T, and all x and C. We call it a fundamental 
solution of (47.1). 

Consider the equation 

(47.4) L(x) “ 0 where 


L(u) ■ u^ + a(t,x)u^^ + b(t,x)u^ + c(t,x)u 
where a, b, c are defined in B and a ^ 0 (so assune a > 0) 


Then L(u) ■ M(u) + X cu where X * b 

Assune also: 



(ai) a,a^,a^,a,^,b,b^,c all exist in R and in the 
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neighborhood of every point (to,Xo) satisfy a Lipschitz 
condition of the form: 

|g(t,x)-g(to,Xo)I < K {|t-to|* + |x-Xo|*) (a>0) 

(aj) a, 1/a, X, c are bounded in R. 

Then setting (t,x:T ,C) = /t /.«{ ^(P.q) 

9q 

+ c(p,q) U^(p,q!T,C)} Uo(t,x;p,q) dq dp for n = 0,1,2,..., where Uq 

00 

i.s defined in (47.3) • it is shown that 2 U„(t.x;T,C) * V(t,x;T;C) 

n=l 

converges absolutely and uniformly. We define 

U(t,x;T,!;) = Uo(t.x;T.C) + V(t,x;'r,C). 

Then L(U) = 0, so as a function of t and x, z = U(t,x;T,^l) is a solution 

of (47.4). It is called the fundamental solution of (47.1), 

For every 6 > 0, lim U(t,x;T,C) dx = 1; 

t-*r 

ft® -^1 ,.Kc U(t,x;T,C) dx = 0 
|x-C|>6 

The solution of an initial value problem in terms of this fundamental 
Vsolutioii is given by: 

THEOREM47. l:Let a, b, c be defined in Rq r-®<x<+® and let g(x) be 

\t<T 

continuous. Let (a^) and ( 02 ) hold. Then there is a unique solution 

z * (p(t,x) of L(z) ~ 0 which is bounded in Rq and such that 

lira. 9 (t,x) « g(x). It is given by: 
t-T 

q»(t,x) ■ • U(t,x:T,C) dC 

where U is the fundamental solution defined above. 

[In proof, use the fact that if L*(u) * -u^ + ^•'‘xx^ ’ ^ 
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®M*(u) - (Xu)j^ + cu, then a fundamental solution is U* (t, x;t* ) 

: t,x). Also 

S^t dt /-« {vL(u) -uL*(v) }dx * {«(t" , x) v( t'' ,x) 

-u(t' ,x)v( t' ,x) }dx.] 

COROLLARY: If f(t,y) is continuous and bounded in Rq, and the rest 

of the hypotheses of theorem hold, there is a unique bounded solu¬ 
tion of: 

(47.S) L(*) + f(t,x) = 0 

such that lim (p(t,x) = g(x). It is given by: 
t- T 

u(t,x) * dp J.oo f(p,q) U(t,x;p,q) dq 

Gevrey considered a reduced form of the linear equation (*) 
with boundary conditions on a segment of y - yo together with 
adjoining curves lying in the halfplane y > yo* The equation is 

2 - 01* a0i + C0Z + f. 

0 x^ 0y 0x dy 

Using a Green* s function, he obtained a representation such as that 
of the previous theorem. He also established existence of a solution, 
but there is no brief statement of his theorem which can be given 
here. (See Gevrey^, pp. 374-387.) 

For other theorems applicable to equatioi> (46.1) see the dis¬ 
cussion foi ti iiM!f'peiKU*i<t variables, and also the theorems of the next 


section. 
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48. Suppose (43.3) is of the form: 

+ b Si = f(x,y,z, Si) 

9x dy 3x 

vliere h is. of const a.ii' sifjn; if b < 0 this can be reduced to 

(48.1) * f(x.y.*. 2u) 

dx ^ 9x 

Gevrey , pp. 390-394, considered solutions of t Iri s equc^tion, obtained 
as limits of solutions of equations of the kind consiile}ri! in prev:ous 
sections. He pruv«*d the following for problem D: 

THrOlUM 48.1; Given (48.]), vhere f(x,y,z,p), for (x,y, 2 ,p) in 
Ro:[(x,y) eR. 1*1 < A. |p| < B] satisfies a Lipschitz londitini: 

|f(x,y,z,p) - f(x,y, 2 i,pi )| £ L|z-zi| + N |p-pi| 
and is continuous; given a conlitunus closed contour C in the interior 
of R, and such that the equations defining: x * x(|l) , y * y(lJi) satisfy 
conditions of the form: 

|x(n) - x(tl) I < K\[L -M| ^ (0<a<l); 

given a function h(x,y) defined on C - that is, h[x(^) ,y (^l) ] = h(ti) 
which is continuous and has h^ continuous on C. Then there exists a 
solution of (48.1) in R, the inieiior of C, which assumed values of 
h(x,v) on C. [Proof by successive appn»>in;ai ion.] 

This same equation has beon considered by Siddiqi and by.Lg^^g^. f^jj. ^ 
problem of type H, Lewis’ result is; 

THEOREM 48.2: Given (48.3) where f is defined for (x,y,z.p) 


Ro: 0<xlTl; 0<y<Y; |z| £ Z, |p| £ P. 
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Let f be of class with respect to p,z,x. Let g(x) be defined for 
g(0)*g(TC) *0, g^(x) absolutely continuous; [g" (x)l ‘ summable* 

Tben there exists a solution z ■ ^(x,y) of (48.3) defined for 0<xl^; 

0£y<.Yo such that 

9 (0,y) ■ 9(^,y) * 0 and 9(x,0) * g(x). 

(It is given in the form: 9(x,y) ” Z a^(x) sin ky) 

Minakshi-Sundaram^ studied a slightly more general equation than (48.1): 

(48.2) Su “ 2- (p 2ll) -f(x,t,u,2u) 

3t 8x 0x 9x 

fay exactly the same methods. In a later paper, Sundaram^ found a solution 
to a periodic problem with the same boundary conditions using the results 
of Schauder. Karimov^ considered periodic solutions for an equation of the 
same type. 

The only existence theorem for the equation (43.3) I have seen is 
given in Gevrey^(pp. 394*402). The conditions are quite involved and ^ill 
TXit he given here. 

49. An important case of the parabolic equation in n variables is: 

(49.1) |ji » Aott + I Ai|iL + 2 ^ _ 

where D u^ uj^ is a positive definite quadratic form. S. Bernstein^ 
considered solutions of (49.1) for prohleins of the type Hs. That is, 
he established the existence of a solution 9(y»Xi,•••,x^) of (49.1) such 
that 

(49.2) <p(0,xi,... ,Xjj) g(xi,... ,y^) 

md such that (P is bounded for all X£ in Here g is of class 

A*. The method, that of nodules, is rather involved. Another method 
of attack based upon the notion of a ** fundamental solution" (see 
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section 46 and the following* theorem for an exact definition). For 
the equation: 

(49.3) 2ii - 2 sin. ■ A(u) 

dy ®*i 

the fundamental solution is 

n/2 g .2 

(49.3a) u* [4Tl(y-n) ] exp[. i^iLL‘5jLlj , (y>n) 

4(y-T\) 

Using this as a first approximation, Gevrey^ established, by successive 
approximations, the existence of a fundamental solution of: 

(49.4) 2ji * H(u) + 2 A* Su _ + Aqu 

dy dx£ 

when H(u) A(u). The self-adjoint equation, which is (49.4) when 

H(u) * 2 2_ (®;l du ) 

axi ax^ 

and a^j^ * ®ki» i<*duced to the case of Cevrey for 0 .^ 2 ; for n®3, E. 

Rothe^ found the fundanental solution of dll * H(u) tisin^ Green’s func- 

I 9y 

tions. When a^j^ “ a^j,(x) F, Dressel , generalized Rothe’s results, using 
methods that stemmed from Levi, to get the fundamental solution for (49.1): 

HiLC]!REM 49.1: Let R be an open bounded region in x (xi ,X 2 ,X|^)-space, 

with boundary R^; let Aq, A^, ®ij»yi satisfy Lipschitz conditions 

of order Y: lA(x,y) - A(s,t)| £ N[ |y-t 2 [x^-s^l^] 

foj T\ < y- 6 <t<y+ 6 ; x-b£s£x+b where 0<Y£ 1. Let and 

2 be a positive definite form. 

Then there exists a function F (x,y;£,T>) such that for each x and 

fi in R, and for y > F is a regular solution of (49.1), and for each g(x) 

continuous it P+R' and for T c R, 9(^)F(x,y;5,T^)d^ ® g(x) when x is 

in the interior of T but is 0 if x is in the interioi of R-T. 

2 

This result was given later by Dressel for unbounded regions. 


The purpose of fundamental solutions is to get solutions of problems 
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of type H, such as that given on page 175, in terms of an integral which 
invoJvt^s r and the initial or boundary conditions. See, for example, 
n<»ile’s pti[ier, where he used the fundamental solution to solve several 
problems, inclurlii*^ rne that involved the non-homogeneous equation 

^ • H(u) + f(x,y). For the case of equation (49.3), solution of prob- 

1 

lems using (49.3a)fitfe recently Heins showed how, in the case 

of a condition like (49.2), thi.*- f ould be obtained using an iterated 
Fourier transform. 

It is also possible to reduce equation (49.1), by means of a 
Laplace transform, to elliptic differential equation in (xi,...,x^); 
sec, for example, Doetsch^. 

A non-linear equation, 

(49.5) + f(xi.xa,y,z) 

fly 9x1 9xa 

was considered by Sundaram^, with special conditions on f. 

Since any linear equatioi’ in n variables which has second de- 
rivat.ives involving fewer than n variables is called parabolic, there 
ait* other kinds than (49.1). 

Piscounov^ considered eJ Upiicc^parabolic equations of the 

type: 

(49.6) n 2 s . ♦ c |1 + bz + f 

Ox * ^ Ox 

n 

where sj, r., J>, f ^re functions of x, yif.***yn ~ ^ ^ O* 

A II J 

First consider a domain V ii the (n't!) dimensional space of Xiyit^^.iy^ 
that is bounded by the surfaces: 

^i(y».....yn) - 0 (i-1.2) 

* <Pj(yi,...,yn) (j-1.2) 


X 
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where all four surfaces are bounded, where , (Ps are of class 

A®, where q)i-(P 2 - 6 everywhere in the domain bounded by 4>^ “ Of and 
<t>Q = 0 , though it may vanish on « 0 , and where lines p - (that is, 
families of integral curves of the system of ordinary differential 
equations: 

Vi' = a^CxiVi,...,y^) (i»l,...,n)) 

which are in V are not tangent to - 0 and do not cut the surface 
02 " 0. Then the following results hold: 

9 V 

THEOREM- 49 . 2 : Let a^, b, c, f be functions of class A in V; let f 
(x,y^ , , , . ,yjj) (v = l, 2 , 3 ) be defined on the surfaces 0 ^ = 0 , x * (pg , 

X = cpi respectively and let all three be of class A® (except that f' 
may be continuous only with respect to x and of class A^ with respect 
to yii...fyu). Then there exists a unique function (p(x,yi , ... , y^^) 
such that z ~ ^(x, y^^, . .. , y^) is a solution of ( 49 . 5 ) in the domain V 
which coincides with f^, f^, fs on the surfaces 0^ = 0, x = 92 
x » (pj respectively. 

THEOREM 49.3: Let a^, b, c, f be functions of class A® in V; let 

Uo(x,ys,...,y„), Ui(yi,...,y„) UjCyj.y„) be defined on <f>^ = 0 , 

x = (pi, X = (P 2 respectively. Then there exists a unique function 

0 (x,yi , . . . ,y^j) which is of class A^ in y^.yj^ and of class A* 

in X, such that z = 0(x,y ,...,yjj) is a solution of (49.6) and such 
that 

0(X,0,y2I•••»Yu) I Oq(x, y2#•••»yu)I 
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^ 35(91 ,yi,. 

..,yp) ■ £i(yi,. 


</>y(9i,yi,. 

. .,y„) ■ fa(yi,. 



Assume that V is bounded by a continuous Si of (n-1) dimensions con¬ 
taining no segments parallel to the x axis. 

H, Elliptic Equations 
50. For the equation 

(50.1) a(x,y) + 2b(x,y) ■** c(x,y) 

3x 3y0x 3y 

+ f(x,y,z, Si) “ 0 (ac>b*) 

dx 9y 

where a, b, c are continuous in Ro« ac>b ^>0 implies and c^O in Ro, 

so we can take a^O and c>0 with no loss of generality. We saw on 

103 that a transfersatioii will reduce (50.1) to a simpler form: 

(dividing by A(5,T\), which is not 0). 

+ M + F(£,i1,4i,Ug,UT^) ” 0. 

05 0T\ 

Since M>0, by another transformation this will become: 

(50.2) + al^ » 0. 

05 01 ^ 

Since there are no real characteristics, a problem like problem G for 
liyperbolic equations has no meaning for (50.1). On the other hand 
problem C can be formulated for any curve C^. Indeed, from the theorems 
in section T, if a,b,c,f are functions ol class A^, <tnd the same is true 
of tlie initial data, there always exists a solution of class A^of problem 
C in the neighborhood of each point of the curve. A natural generaliza¬ 
tion of this theorem would be to find a solution of problem C which is 
not analytic^ or when f or the initial data is not analytic. But it turns 
out that if a,b,c,f are analytic, then every solution of (50.1) is analytic 
This theorem, called Hilbert’s theorem, was proved by H. Lewy for (50.2) in 
Gott. Nachr. (1929). It may be more accessible in the appendix to Hadamard^ 
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The accurate statement for the moat general elliptic equation is given 
below in section F. For the proof in the simplest case of equation 
(51.1) below, aee Tamarkin and Feller^, p. 18. 

Thus the problems usually studied for elliptic equations are 
quite different from those considered for hyperbolic equations. Three 
basic problems are the following: 

Problem D:(Dirichlet) Let G be a bounded region and F its 
boundary. Let fCs) be continuous on P. It is required to establish the 
existence of a function <p(x,y) of class A* in G^F such that z * 9(x,y) 
satisfies (50.1) in G and such that <p{x,y) coincides with f(s) on F. 

When f(s) ^ 0, we shall cal] it problem Do. 

A variation of problem D is to require that <p(x,y) be of class 
A* only in G and that lim9(x,y) “ f(s), as (x,y)~F. Call this Di. 

Problem N: (Neumann) Let C be a bounded region with boundary 
F and let h(s) be continuous on F and / h(s)ds “ 0, It is required to 

F ^ 

establish the existence of a function 9(x,y) of class A in (5+F such that 
z “ <p(x,y) satisfi«*s (50.1) in G and such that along F, h(s) * , the 

directional cViivative in the direction of the inner normal. 

(Variations of this analogous to those given above will be 
called No and Ni.) 

Problem T; Let G, F, f(s), h(8) be defined as in problems D and 

N. It is required to cstablis) the existence of a function (p(x,y) of 

class A* in wl ich satisfies (50.1) in G and such that along F, 

• h(s) • V ^ f(s). 
dn 

51. In this section we consider the special elliptic equations: 

(51.]) “ 0 (51.3) alj + + c* - 0 

iZ" ay 9* 9y 

(51.2) a!j + ali " f(x,y) (51.4) alf + alj + c» ■ f(*.y) 

^ V ax ay 
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and their generalizatieits to n dinenaiona: 

(51.5) I a!* ■ 0 (51.7) 2 + Cl - 0 

(51.6) 2 f(xi,...,x^) (51.8) 2 8*1 + Cl ■ f(*t.x^) 

8xk axk 

It was ahown in aectioti A that any linear elliptic equation 
with constant coe£ficient8« except for the term not involving z, could be 
reduced to one of the above forma. Theae equations arose in connection 
with the study of potential problems. There is a very large literature 
in conned 5i>n vith then, for their solutions have many interesting proper¬ 
ties, but we are concerned here only with aome basic existence theorems. 

One classic line of reasoning, which formed the basis of il<e 
belief that was current for a long time, that problem D for (51.1) or 
(51.5) always had a solution was the following: (Besults only summarized 
here; proofs found in any standard worh, such as Horn^, CouTant-Kilbert^, 
or Kellogg^). If H is a region whose boundary consists of a finite number 
of rectifiable arcs, and u and v are functions of class A in R, Green’s 
formula says that: 

// (uAt - TAu)dS ■ / (t 1“ - u I*) d. 

R ^ On dn 

If (^#1^) is a fixed point outside R then setting r ■ -S)*+(y-n)* • V--log r 

is a regular solution - that is, a solution o f class A^ - of (51.1) in R; 

if (2,T)) is in R, V is still a solution in R, for all (x,y) f (£»T^). If u is 

a regular solution in R, / ^ ds * 0. If u and ^ both have prescrilied values 

c On * On 

on the boundary C, and u is to he a regular solution inside R, it is uniquely 
determined: 

tt(fi.n) - -/c [V “ aX] d. 

2n On dn 

But usually, as in pro)>]eii> D, only the values of u along C are prescribed. 
However, suppose one can find n(x,y;£fT\) which assumes the value log r on C 
and is a regular solution in R; then 6(x,y;5»T\) ■ -log r -f Q is Green’s 



function** - that is, a solution of (51.1) inside R except at the point 
which vanishes on C. In that case, the value of u inside R is 
determined and is given by: 


(51.9) u(a.ii) ■ ^ „ |fi ds - ^ f f(«) |e d. 

271 ^ On 271 ® 0n 

This is not an existence theorem; it simply states that if R is a region 

for which a Green* s function can be defined, and u is a solution to prob* 
lem D in R - that is, a regular solution of (51.1) inside R which becomes 
f(s) on t];e boundary C - then inside R, u is given by formula (51.9) and 
hence is unique. ^ is called a fundamental solution. 

Tlius the problem is reduced to establishing a Green*s function 
for R. For a circular region there is an explicit formula for G; if C 

is a circle of radius a about the origin, and H is a point with coordi¬ 

nates (£,7\), whose inversion in the circle C is H, let the coordinates 
of ii be (S,r\) (OH • OH - a® ). Then if 

r® “ (x-£)® + (y-n)*, h® “ £® + r\®, ^n® » (x-S”)® + (y-T\)® 
the Green*s function fui the region R bounded by the circle C is: 
G(x,y;5,fl) * log ^ . Since the polar cooidinates of H are (h,0) and 


of P are (r,<p)» formula (51.9) becomes: 

1 271 * i.® 

^ ■ ’■■9 T ^ ^ ***** ' 

271 a -2ah cosv9-“)^r 

the Poisson integral. Thus we do have the existence of a regular solution 
to problem D for the case of this region. More generally, we have: 

'nfFOREM 51.1: Let G J*e any region vith boundary P which can be mapped 
into the interior R of a circle of radius a, so that P goes into C. (The 
map must be conformal). Then the Green*s function exists for such a re¬ 
gion and hence by (51.9) there is a regular solution of problem D, for (51.1) 


Another classic result, in terms of the Green’s function defined 
above is for the non-homogeneous fMiualion (51.2): There is a unique func¬ 
tion which is a regular solution of (51.2) inside R and vanishes on C; it 
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is giTSii by: 

u(x,y) * ^ If G(x,y;S,il) f(x,y)dxdy 

2K Q 

Coursnt, Friedricbs and Lewy^ in a long paper describing the 
solution of many of the simple fundamental equations which occur in 
applications by means of difference equations, consider problem D for 
both (51.1) (Equation of Laplace) and (51.2) (Equation of Poisson). 

Thus they prove, for problem D: 

THEOREM 51.2: Given (51.2), where r(x,y) is of class in a region R, 
let G be a simply connected region where boundary is formed by a finite 
number of arcs, earh with a continuously turning tangent, and such that 
G lies in the interior of R. Let g(x,y) be a function defined on the 
boundary of G. Then there exists a function <p(x,y) such that z ° 9(x,y) 
is a solution of (51.2) in G and 9(x,y) ^ g(x,y) on the boundary of G. 
Furthermore, (p(x,y) ■ ^j|(x,y) where 9jj(x,y) is the solution of the 

corresponding problein for the difference equation ^ Z^y ^ f ” 0 on 
a mesh of width h. 


Okie can also get the solution in terms of Green's functions. 


by combining two formulas on the preceding page: 

(51.10) z(x,y) ■ f(s) G(x,y;5,il) f(x,y) dx dy. 

9n 

Of course, solutions of this nature depend upon a determination of 


G(x,y;£,T^) and that depends upon the shape of the region. One can always 
construct Green's functions for the regions of the theorem but for 


practical problems, this may be more complicated than applying the 
method given in Courant, Friedrichs and Lewy^• 


Problems N and T can alao be solved by these methods. 



Southwell has done much in the evaluation of solutions of 

the problems on pa^e 180 both for (51.1) and (51.2). His relaxation 

methods are essentially those of difference equations. They have 

been extended by Fox and Emmons^• Indeed, Akushsky^ has a method of 

solving problem D in a rectangular region by using punch card machines. 

For n > 2, analogr<ii> }esults hold, except, that -log r Y(i‘) 

is replaced by Y(r) * — 1 ...j, ^ again the Green's function for 

w^(n-2) 

G is the solution of (51.5) which is regular at all points P: (xi,...,Xj^) 
in G except P ® Q: (£i ,... ,^jj), is continuous in GJ+P and vanishes on P. 

(i), the fundamental solution, is a regular solution in R, which becomes 
-Y(r) on C; then the Green's function is: 

G(P,0) - Y(r) w 

It has the property that G(P,0) “ G(Q,P). Then formula (51.9) gives the 

solution to problem D for (51.5), provided the Green's function exists, and 

u(P) ■ /„ f(s) ae da -L. n G(P.Q) • dQ 

dn (2 tc) ^ 

is the solution to problem D for (51.6). 

Raynor^ gives an excellent summary of the classical solutions of D when R 
is a sphere, etc. and of other properties of harmonic functions, for the 
case n ” 3. We state one of his results: 

THEOREM 51.3: Problem D has a solution for every 3-dimen8ional region R 
where boundary B is such that, if a sphere be drawn about any point of B, 
the ratio of measure of the points of the surface of the sphere on B to 
the whole area of the sphere will remain < 1 as radius of sphere 0. 
(Shrinking process need not be continuous, but may be made in a denumer¬ 
able number of steps.) 

The problem of Dirichlet is not possible for all regions - it is 
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now known that there does not always exist a function V taking on given 
values at all points of the frontier. In 1924, Wiener defined a frontier 
point as regular if V is continnoib crd takes on the value of f at that 
point; otherwise it is irregular, and gave a way of distinguishing between 
them. A domain for which the problem of Dirichlet is possible he called a 
normal domain. He then generalised the problem and established the follow¬ 
ing result: 

THEOREM 51.4: Let r be an open set (bounded or not), Z its frontier (bounded) 
and f(P) a continuous function on Z. Let F be a continuous function in the 
entire space and which coincides with f on Z, and r^ a sequence of normal 
domains interioi to r and converging to r. If is a solution of problem 
D in for values of F on its frontier Zj^, then the sequence of functions 
converges uniformly to a function V, which is harmonic, in every closed 
subregion of V. This function is independent of the choice of r^^ and of F. 

In his talk before the 1935 Congress, Vasilesco^ summarized other 
classical methods. The Neumann and Dirichlet problems for (51.4) were given 
by Giraud^ who extended this to n dimensions. 


Problem D for (51.3) has been solved by finite differences, using 

a three-dimensional net by Mikeladze^, Southwell^ also considers such equa- 

tions. A recent study of problem D for Az * 0 where Au “ Q u 

0X1 ^^n 

by finite differences was given by Petrowsky^. According to the reviews it 


is very simple. (Paper is in Russian.) 


52. The linear differential equation of elliptic type can be represented, 

we saw in Section 50, by 

(52.1) 2 I* + sIa '♦’dSi-te^+gz* h(x,y). 

0x 0y dx 0y 

If we set L(u) ■ ♦ du^^ ♦ eUy + gu, this equation is 


L(u) ** h(x,y). 



The homogeneous equation is: 

L(u) - 0. 

One way of eistablishing existence of a solution is to make it depend 
upon the existence of a Green’s function K(x,y;£,T^) of (50.3) Au ■ 0 
where Au ^ 9^u + 9^u . Thus we have for problem D: 

THEOREM 52.1: Let G be a region such that K(x,y;^,T^) exists - for 

example, let G be a region which can be mapped onto a circle, and let 

|K (x.y:£,T\)| < s.; |K„(x,y;g,7\)| < £ 

* r ' r 

where r * ^j^ 2 and c is independent of x,y,S»T^. Let d, e, 

g and h be of class in G. Then the equation 

L(z) = h(x,y) 

has a solution z - (p(x,y) which vanishes on the boundary P of G, pro* 
vided G is sufficiently small. 

Proof: (By integral equations) We are looking for a solution of type: 

* • /_/ K(x,yj£,Ti) p(S.n) 

G 

where p is of class in G. By hypothesis H(x,y;fi,T^) ® aKj^+bKy+cK 
satisfies: 

|H(x,yj£,Ti)| > a. 

r 

Now L(z) = IJ Hp(£,n) dS,di\ - p(x,y) SO we have reduced problem to 

solving integral equation 

p • -f + /_/H(x,y:£,i\) p(£,n) ds,dt\ 

G 

for p. By Fredholm theorem, there is a solution of an equivalent inte¬ 
gral equation, for small enough G * so small that 

/-//„/H®(x,y;g,T\) AxiydS,dr\ < 1. 

G G 
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(This proof can be found in several places. See Courant-Hilbert^ , vol. 2, 
for example.) 


One can find fundamental solutions or elementary solutions in 

the same way. Such a solution Y(x,y;xo>yo) would be one which is a solution 

of (52.1) everywhere except at (xoiyo)* It is of the form: 

Y(x,y;xo,yo) “ log ro **■ LS (- log r) p(S,n) dSdn 

G 


where r “ ''(x-£ )*+(y-T^)* and (xo,yo) is a fixed point inside G, with ro 


-—I-II. II »■ I . — 

'^(x-xo) ■•■(y-yo) . One gets p(y.,y) by solving the integral equation: 

p(x,y) = If K(x,y;£,n) p(5,n) d^dl^ + (L(-log r)-f). 
G 2 k 


(See Courant-Hilbert) 

However, there are many other ways of treating (52.1). One can 
use the method of calculus of variations, where the problem of finding a 
solution of an equation which ” 0 on the boundary (problem Do) is reduced 
to a problem of making a certain function a minimum. Schauder has estab¬ 
lished existence by functional operators. (See section 53.) Tautz^ has 
also used general methods on 52.1. Most recently, we have direct numerical 
methods applied to the solution of problem D and problem Do* Vecoua^ and 
Mikeladze , have used finite differences to solve problem D for (52.1), and 
give actual upper bound of errors in approximating solutions. Chernoff^, 
following Bergmann^, considered z as the real fact of a certain complex 
function. 


S3. Non-linear equations of elliptic type 


( 53 . 1 ) F(x.y.., ai. a*. a!i . alt*, alt) ■ o 

0x 0y dx dxdy 9y 

were considered in 1910 by S. Bernstein^. For the case 


(F^F, - 4F3" > 0) 
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(53.2) Li(u) * A(x,y, 2 , t 2B(x,y,...) 3^, z + 

3x 9y 3x 3x0y 

C(x,y,...) d\ z = 0 

57 

where A,B,C are analytic functions of x,y,z,p,q, he showed that a solu¬ 
tion is always possiMf to piohlem D: finding a function which satisfies 
(53.2) inside a region R and assumes prescribed values on the closed con¬ 
tour B which forms the boundary of R, (provided B is of a certain type). 

He also showed that if F is analytic, a solution to problem D for (53.1) 
is possible if one can introduce a parameter such that for (X - 0, 

F(x,y, z, p, q, r, s, t;Ct) becomes a function for which a solution to problem 
D is known to exist, wln'Ie for 0( * 1, it becomes the given function, and 
such that for 0 < a < 1 a solution and all its derivatives up to a certain 
order are bounded. In a later paper (Bernstein^) these results and similar 
ones are restated and clarified. (Assume Fj.F^ ^0.) Others made his hypothc 
ses less strong; as an example of the type of result, we give the following 
theoremi due to Deuffer^: 

THEOREM 53.1: Let P be a simply connected region of the x-y plane with an 
analytic boundary curve. Let zo^x,y) be defined in P and be of class A 
there. Let F(x,y, z, p, q, r., s, t;a) be defined for all (x,y) in P and to every 
zo(x,y) for 

|r - 3 zft £ 6, s - 3 zrv £ s,..., |z-zo| £ ot £ e, 

3x 3x3y 

In the nine-dimensional region B let F, F^, F^ be bounded and of class A^• 
Let 4F,Ft - F,® > k > 0 and F^F, < 0 in B. Let F(x.y,*.p,q,r,8,t:0) > 0 
when z * zo, p ® zo,x,...,t = xo,yy. Then there is an e* and a function 
z(x,y;(X) of class A* with respect to x and y which for every |flt| < e* is a 


solution of 



and which coincides with zo(x,y) on the boundary of F. 

Giraud^ also considered the non-linear equation; we give an 
example of his results (they are given for n independent variables) for 
problem D: 

THEOREM 53.2: Let F be a function of class for (x,y)£ R and (z,Pi••*,t)&S; 
let R and S contain (0,0) and (0,...,0) respectivt']> and let < 0 in R ^ S. 

Let z * 0 be a solution of (53.1). Then if on a regular analytic contour C, 
interior to a circle of radius d in R, an analytic sequence of values: 

89(o() given, where CL fixes the position of a point on C and s is a co¬ 
efficient variable, there exists a unique solution of (53.1) for s suffi¬ 
ciently small, which is of class inside and on C and assumes the values 
8 <p(< 31) on C. 

Proof: Expand F is powers of z,p,•••,t, and neglecting terms of degree higher 
than one, solve the resulting linear equation, with the given boundary conditions 
by induction, having z^, replace z by Zn'^h in (53.1), neglect terms of order >1 
in h and the derivatives, find solution of resulting linear equation in h which 
is 0 on C; set ° is an extension of the method due to Picard^, 

who was one of the first to consider equations of this kind.) Then {Z||} tends 
to a limit, which is shown to be the required solution. 

Schauder^ shoved that a sufficient condition for a solution of prob¬ 
lem D for (53.2), where the coefficients are of class A is that the non- 
homogeneous equation Ai(u) ” g(x,y) have at most one solution taking on the 
prescribed value on the boundary, for arbitrary g; the proof is based on his 
fixed point theorem. By the same means he showed^ that if A,B,C,G are bounded 
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and continuous for all x,y,z,p,q there exists a solution of 

(53.3) A 2.. 2 + 2B z + C z * G(x,y,z, 2if 2^) 

9x 9x0y 9y 9x 9y 

which is continuous, and has first and second derivatives almost every¬ 
where (he calls this a generalization of problem D). I.eray^ in an ex¬ 
cellent discussion of the non-linear problem before the 1935 Conference, 
generalized Schauder*s fixed point theorem, and used it to show how a 
solution of prolileiri D for (53.3) reduces to finding a majorant for z, and 
its first and second derivativeb, but he does not give any existence 
theorems. 

Simonoff^ has established the following result: 

THEOREM 53.3: Given 

(53.1) F(x,y,z, 2 js, 21a, 2lz- , 21 a) • 0 
9x 9y 9x 9x9y 9y 

where F(x,y,z,p,q,r,s,t) is of class for |x| < B, |y| < B and all p,q,r,s,t, 
and where there are constants ki > 0, k 2 > 0, ka > 0 such * ^s ~ » 

^ |FjI £ k 2 ,...,F^ < k 2 ; Then in any normal region there 

is a unique solution to problem D. 

Lewy^ has shown that if F is a regular analytic function in a 
complex neiglihoiIn.dd N of the real point (xo ,>o, • • •, to) and if C x*x(u) 

y*y(ui). yo) 

a curve in the (x,y) plane defined in the neiglihoThuod of Ni of (xo,yo) and 
zo(^), • • • f to(^) are functions defined in the neighborhood of \Xo and satis¬ 
fying strip equations, then solution to the Cauchy problem is necessarily 

3 

analytic; when C is not inside N, but part of the boundary, Lewy showed 
the solution was unique. Hoff established a similar result. 

Carleman, Rado, and others considered the important question of the 
analytic nature, or functional character of solutions, as well as their 
uniqueness, but such results are not existence theorems, in the strict sense. 
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54. The n-dimensional equation corresponding* to (53.1) is: 

n 2 » 

(54.1) 2 a^i. 2_L— + C2"d 

i.k'l j-1 J9xj 

where 2 a^j^ ^i^k * positive definite quadratic form. One has prob¬ 
lems exactly like D and N for this equation. Giraud^’^*^ has studied 
this intensively; the genera] itethod is to get the solution in terms 
of solutions of 

(54.2) 2 aj • d^z * g^u. 

' Qxiaxk 

This, in turn, for boundary conditions which are linear combinations of 
z and 9z on F, the boundary of a closed region G, is reduced to solution 



of integral equations of the Fredholm type, such as described in section 
52. Gevrey^ has also done this. 

Uniqueness of solution of problem D for (54.1) is easy to show, 
at least for the homogeneous equation, if one wants a continuous solution, 
aince any solution of the homogeneous equation which vanishes on the bound¬ 
ary vanislies inside. 

Schauder^ has established existence of solution of problem D for 
(54.1) when the coefficients and the data satisfy certain Holder conditions. 
He reduces (54.1) to 

(54.3) 2 ... al*_ - f 

•’ Qxjdxj 

X 

and then considers a similar equation with a^j replaced by a ^j, a set of 
functions which reduces to (54.3) for X ” 0 and to Poisson’s equation (52.6) 
for X ” 0. Then as with other problems, he obtains bounds that enable him 
to uae his fixed point theorem. 

Trjitsinsky^ has also studied equation (54.1) getting conditions 
for solution of problem D, when the coefficients are aingular. 



192 


J. General Second Order Partial Differential Equations 

55. When a second order differential equation: 

(22.2) F(x,y,i, .8^ t ^^z ) ■ 0 

• 8x 8y 8x dxdy 8y 

can be reduced to normal form, (23.8), or (23.8), and the data is analytic, 
the general Cauchy-Kowalewski theorem gives existence theorems for two 
specific problems. 

THEOREM 55.1: (a) Let g(y) and h(y) be two functions of class A^in a 

region: |y-yol Set g(yo) * *o, g^(yo) ’ qo, g^^(yo) “ to, h(y) * po, 

h'(y) so* Let 3(0 be arbitrary. 

(b) Let F(x, y, z, p,q, r, s, t) be of class in a neigh¬ 
borhood N of P: (xo ,yo , zo, po ,qo , ro, so, to) and let F ■ 0 and F^. / 0 at P. 

Then there exists one and only one function (p(x,y) which has 
the properties: 

(ot) <p(x,y) is of class A^ in a region R: |x-xo| ^ , 

ly.yol < 6a, 

O) z = <p(x,y) is a solution of the equation (22.2) in R. 
(y) For |y-yol ^2.9(xo,y) * g(y) and <P 3 j(xo,y) * h(y). 

Proof: In a neighborhood of P^, (22.2) is equivalent to (23.8), which is 

equivalent to the system in two unknowns: 

“ zi ; Sz " f(x,y,z,zi, Sz, 2 jlu) 

9x 8x 9y 8y 

to which the theorems of chapter I can be applied. A direct proof can be 
found in Horn^, pp. 192-195. 

In certain instances, this can be used to give a result, to tie 


probleir. of Cauchy: 
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THEOREM 55.2: (a) Let Co:x * xo(l^)i y ” yo(^) be a giTen curve and let 

^ 0 (l^) »po (u) f qo (pl) be given where all 5 functiona are of claaa and aatiafy 

»o'(^) ■ Po(ia) • xo'(n) + qo(M^) * yo'U) 

for ^6M: U-piol < Set x^ * xo(Uo) • • • • ,p^ ” po(lio) and let rof8o«to be 

numbers such that 

p/OOOOOOOOOv f. 

Fvx ,y ,* ,p ,q ,q ,r »s ,t ) ■ 0 
r‘*-x'(kio) + .‘*-yi(u") - po'(n“) 

.‘’•yo'(u“)n“-«o'(ii'’) - qo'(n“) 


(h) Let F(x,y, z,p,q, r,s, t) be of class A" in a neighborhood 

- «0/ 0 0 Ox . , 

of P (x ,y ,...,t ; and let 

A - Ryo® - Sxo'yo' + Txo'® / 0 
at Po» where, as in section 22, R ■ Fj,, S ■ F^, T ■ F^. 

Then there exists a unique function (p(x,y) such that 

(a) 9(x,y) is of class A® in |x-x°| < 6i, |y-y*^| < 6i, 

O) z * 9(x,y) satisfies (22.2) in R. 

(y) For lu-li*’! < 6*. 

<p(xo(u), yo(n)) * *o(p): " po(>i)i 

Vy(xo(u) ,yo(p)) ■ qo(ti). 

Proof: By the implicit function theorem, the equations: 

F(xo(li) ,. ,po(u} ,r,8,t) • 0 
r‘x'(n) + s yo'(u) “ po'(n) 

• •xo'(ji) + t 10 '(h) ’ qo'(H) 


will have a aiaultaneous solution r “ ro(H}f s “ 8 o(h)( t ** to(H) such that 
” ro(Ho)f * so(ho)> t*’ ” to(Ho}> since the Jacobian: 


R 


T 


xo 


'(h) 


0 


s 

yo' (h) 
Xo' (h) 


0 

yo' (h) 


AM 
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Thus we hai^e defined for a neighborhood of an integral strip of second 

order - that is, a set of functions satisfying (24.4) and (24.6). 

Since A 0 , either xo ^ 0 or y© 0 ; suppose yo(|i) f 0 , Then 

y * yo(^A) has an inverse M> “ lAo(y) with ■ Uo(yo); let d(y) * xo(^o(y)); 

g(y) * zo[^^o(y)]; h(y) * po[uo(y)]* By the strip equation, qo[^o(y)] “ 

g'(y) - h(y) xnfiinCy)] = g' - h*d'. The transformation T: x ® x-d(y),y ■ y 
yo[... ] 

has Jacobian 1 and inverse T^: x = x + d(y), y “ y. Then (see page 22 and 
pages 99 and 100) if (p were a solution of (22.2), and (p(x,y) ■ v(x+d(y),y), 

(x.y) ; = (p-. ; cp^y = -d'(y)* ^P^j 

<I»y - ^ -d'Vi : <Pyy ' -2 ( d ' ( y") ) »-- ♦ [d'C^)]’ ^ JJ 

So we define: x ■ x, y ■ y, 2 ® z, p ■ p, q ■q+d(y),r • r, s • s’»‘d(y), 

t ■ t^2d'(y) s+d'^r + d'^* p and F(x,.,t) • F(x, y, z, p, q,-d(y )p, r, s-d'(y )r, 

t.2d'(7)a ♦ (d'(V))''r.d"-p) . Then . d'-F 3 +d'*F^ » | - 

yo 

S xoyo. ■*“ T’xo*] f 0. 

Hence by theorem 55.1 1 there is a unique solution z ‘ <p(x,y) of 
F(x,y,z, ...) * 0 

ax 


such that 

q)(o,y) = g(y); 


Write (p(x,y) ~ 9(x-d(y),y). Then one can verify that this is a solution of 
(22.2). Also for x ■ x© (u) , y “ y©(^A), d(yo(^)) * x©(^) and d'(y©(^)) * 


Xft.(u) so that on the curve C, 

yo(n) 

9(x©(^i) ,y©(^A) ) * <p(0,y©(^i)) * g(y©(ix)) * z©(^). 
(Px( ) • ^x^ ^ “ h(y©(^l)) = p©(^) 

<Py( ^ “ ^x^ )(-d'(y©(^) )+9y(0,y©(^) ) 

g'(y©(n)) “ q’W 


-h(y©(^) + 

yo (n) 


CX)ROLLARY 1: quasi-linear equation (23.1) with analytic coefficients, and 

initial data as in (a) will have a unique local solution provided a*yo^-2bxoyo.^cxo^/0. 
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COROLLARY 2; F®' •" arbitrary atrip ae defined in (a), if the equation 
elliptic, there will always be a solution. (See section 25.) 


IHEOREM 55.3: 

(a) Let g(y) and h(x) be two functions of class A" for 
iy-Yol < 6 and |x-Xol<ni» respectively; suppose g(yo) * b(xo). 

Set Zq • «(yo)» Po “ h'(xo). To » h"(xo), qo » g'(yo)» t « g"(yo)- 

(b) Let f(x,y,z,p,q,r,t) be of class A" in a neighborhood 
of (xo,yof *o»Po»*Io»*'o»^o)' Then there exists a function (p(x,y) such 
that: 

(a) (p(x,y) is of class A" in a neighborhood R of (xo,yo): 

U'Xol Iy-Yol *= 6*. 

(/3) For every (x,y)eR, cp(x,y) satisfies the differential 

equation: 

(23.9) * f(x,y,z, 9i, 9a, 9ia, 3lla) 

0x0y dx dy dx dy 

(y) For |y-yol < 6i, q)(xo*y) “ e(y) •"<1 f®*’ l***ol 6a> 

<p(*.yo) “ !»(*)• 


The proof is again by the usual method of majorants. See 

Horn^, p. 204. If f 0, (54.1) can be reduced to (54.2). 

Finally, we have to consider special kinds of equations which 

are linear, but cannot be classified as hyperbolic, elliptic or parabolic 

M. Cibrario^ tt series of papers considered equations of the form: 

x^™ z - d^z * 0 

0x* V 


2k 

y 


^ ^ 


2m 

X 



0 

0 


which are of mixed elliptic-parabolic or hyperbolic-parabolic character 
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since the coefficient of 9^z may be 0. The solutions, quite long and 

involved, are given explicitly in terms of integrals. As representa¬ 
tive of the type of result, we give: 


THEOREM 55.4: 


{I 


Let JD^ be a finite region of the h 


alf plane > 

> < 


0 part of 

0 


whose boundary is a segment M < y < N of the y-axis and letJ y^ be the 

1y. 

boundary ofJD^ except for the segment T: M < y < N. If continuous 


values are assigned along y* then there exists in a unique solution 
of each equation of type: 

h ^x^^ 2l| + 2l| * 0 (h*l,2,3,...) 

0x dy 

which assumes these boundary values. If continuous values are assigned 
ofi Yi Y 2 f then there exists a unique solution of the above equation in 
the region: 0^+02'*' Dg where Dg is the set of all (x,y) with x - 0 , 
y g T, having these boundary values. (Under suitable conditions on Yi 
and assigned boundary values, the first solution has continuous first 
and second partial derivatives on T * . Under suitable conditions 

the second solution is analytic in and in 02 *) 

Franld^ also considered equation of this sort - indeed, of a 
■ore general character: 

y .(xiy)** *>(*iy)*y c(x,y)* “ 0 

9x* 9y® 


x(x,0) “ • qo(*)* 


where 



197 


Not existence theorems, but methods of construction of solutions 
from the characteristic integral strips of section 23, are found in many 
places. When the equation is of the Monge-Ampere type (23.5) then the 
problem reduces to finding a characteristic strip of first order (24.5) 
and Kamke^ proves that the surface ty swept out*' by the characteristic 
strip as the initial non-characteristic strip is traversed is a solution of 
the Cauchy problem, when ^ is of class A • Indeed, the solution of equations 
(24.5) can be replaced by another set, whose solution is obtained by the 
method of complete integrals.(Kamke^, 390-398). 

The results of the first two theorems of this section can be gen¬ 
eralised to n dimensions, with no difficulty, and will not be repeated. For 
problem C, and linear equations, we give the following formulation due to F. 
John,^ who established it as part of a discussion of nth order equations: 
THECKIEM SS.5: Let A^j^fA^, f be regular analytic functions of real variables 
(xi,...,Xq) which can be represented locally by power series. Let S be a 
surface, no normal to which has a characteristic direction- that is a 
direction whose direction numbers (tfi,...,^^) satis fy 2 - 0, and 

let S be the image on an (n-1) dimensional sphere under a non-singular 

analytic transformation. Let prescribed values of u and of 2u be given on 

0N 

S, which are regular analytic functions on S, ^ being the normal deriva- 

aN 

tive. Then for every closed subset S of S, there is a neighborhood in the 
(xi,»..,x^) space in which there exists and is uniquely defined a solution 
of 


(55. ) 


ii-i 


alu. 


.2 A‘ du + Ao u ■ B 


which takes on the prescribed values in S. 



IV Partial Differential Equations of Order n > 2 


56. The existence theorems for systems of first order differential equa¬ 
tions of normal type given in Chapter II, section 18, were extended by 
Kowalewsky^, Goursat, and others to systems of higher order as well. 
Indeed, the term systems of Kowalewsky is often applied to equations of 
the form: 


i 

(56.1) z. _f (x.y .....ynJ * 


3010+-••■'an 






(i=l,...,ni) 

where the terms on the right involve derivatives of orders up through and 
including those of order r|^ of the unknown zy, except that 

9'‘Si 9'“s„ 

9x"‘ .9x'» 

do not enter any of the right hand members. The basic tlieoreir follows: 


ik 


THEOREM 56.1: 

(a) Let (x°,yi°,...,y„ °) be a given point and let g (yi,...,y„) 
[i*l,...,m; k=0,1,...,r^-l] be functions of class A® in a neighborhood Tg of 
this point. Set = g ° ^ Pi; ao.ai,,.. 



•*«n 

Q) 

...,9yn“" 


lao , o 

(Yi . 


/ o o. 

(Yi *•••»Yn ) 




»yn") 


for [i®l,...,m; 0<a o'*’•• •■*■«„£*■£; ttolr^-l] . 

(1^) Let f (x,yi,... ,yjj; z^,..., z^,,..., ao,ai 
functions of class A® (i»l,...,m) in a neighborhood of 




) be 
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1/1 •••••/n • »• • • I *ip» • • • • p£» 


®o» • • • f ) 


[3^" 1 11 • • • nj 


Oldo'*’* • ao£r*-l]. Then there exists a unique set of functions 

9 (XfYi»•••fYn) (i*l«•.•,m) such that 

(oIq) <P (xiYi t • • • lYn) are of class A* in a neighborhood 
of 

(P) *i * 9 (x,yi,... ,yj^) for (i*l,...,m) furnish a solu¬ 
tion of (56.1) in Rg^. 

(Yo) 9 (* iYi»*«*»Yn) : §(Yif*iyn) (Yii*'*»y,i) 

in the neighborhood of (yi®,...,y„®). 

Proof: See Goursat , pp. 7-9. Same method of majorants used as that 
in proof of theorem 10.1 in Chapter II, 

For a single mth order equation it would be¬ 
come: 


IREOREM 56.2: 

(a) Let (x°,yi®,... be a given point and g^(yi,...,y^^) 

.functions of class A® in a neighborhood of this 

point. Set z® = g°(y,^.,,,y 0) and p® „ 

“ v*o »'*1 » • • • 


. 9 ‘ 




n ..'*0 


: *< 


(y/.y„“) 


. 0 / 0 0. 
«!!... ittjj '^1 * • • • » Yn ' 


9yi .9y„ " 

tO<ao+ai+...+o,^r: Oolr-l] 

(b) Let f(x,yi,... *» • i .,a^'• •) * function 

of class A in a neighborhood Sit of (x^.v-.v » r>® \ 

0 ' "I » »/n ' * * * * *^otoi • • • * 

Then there exist a unique function (p(x,y, ,... .y^) such thst 
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(a) <P(x,yi,... lYj^) is of clsss A* in a neighborhood 


of 


(Po) z = qi(x,yj.yjj) is a solution in of: 

( 56 . 2 ) « f(*.yi.y„: - 


9 x 

[Oitto + <*1 +...+a ; ao< r-l] 


9 x ". 9 y„ " 


....) 


(Yo) <Pj^k(*°*yi>”*'yn) : 8 (Vi.Vn) (•'=0,1.r-l) 

in neighborhood of (yi°,•••,y„°). where 

’’x*' = ^ • 

* 3x 


C(»OLLARY 

0 0 ^ 

(a^o) Let (x ,y ) be a given point and g (y) (k*0,1,..., r-l) 

functions of class A* in a neighborhood of this point. Set z® * g^(y°) 

and q^j » 8j(y°) : (k»0,1. ... , r-l; j+k=0, ..., r-l) 

dyJ 

(boo) Let f(x,y; z; qoi»• • • f qfcj »• • •»^r-1,1^ ® function of 

class A* in the neighborhood of (x°,y°;z°;.•.,q^j...). Then there 
exists a unique function cp(x,y) such that 

(ttoo) <p(x,y) is of class A* in a neighborhood of 

(p) z * <p(x,y) is a solution in R^^ of 

(56.3) = f(x.y: SillUz....) 

Qx"^ Qx^'Qyj 

(Yo) : g'‘(y) (•'=0, 1 ,... ,r-l) 

Completely integrable systems (see section 20, page 79)can also be studied 

in more variables, as was done by Konig, Riquier, and others. In parti- 
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cular, analogue of theorem 56.2 holds for systems of Konig (Goursat^, p.41). 

57. Beginning with the work of Biquier and Moray in 1892, the question of 
when a system of m partial differential equations in n independent variables 
and r unknown functions: 


Fi.(xi , . . . , ^ 




-ct,- 

0X1 •••0x“ 


) - 0 


is capable of a solution, how many arbitrary parameters or functions this 
** general solution" depends on, and what additional conditions are necessary 
to obtain a unique solution, has been considered by many people. Biquier , 
Janet^, J. M. Thomas^, T. Y. Thomas and E. Titt^ have done fundamental work 
on this question -- in general, what is done is to determine conditions under 
which the given systen^ can be solved to yield an " orthonomic" system, and 
then conditions under whith 0<(' successive differentiation of the ** princips} 
derivatives" will yield the same expression, regardless of the order of 
differentiation. IncJee 1, Jt'i«ct^(p. 23) discusses a .regular procedure by which, 
after a finite number of operations, either the ossibility of the solution 
of the proposed system is shown, or else one is lead to a canonical form for 
which one knows a precise existence theorem. Only local, analytic solutions 
are considered, and analytic equations and initial data; and the terms in 
whicli the conditions are given are too special to be given here, except for 
the cases already mentioned in chapters 2 and 3, Becently, Coutrez^ gave a 
different form of the conditions that are necessary to supplement the Cauchy 
CiS ta, when it is given on a characteristic surface, (where there is no unique 
solution, determined by the data alone). Lednev^ and Cramlet^ also considered 
this matter in a manner quite different from Biquier*s. In a book I have not 
seen, H. Levi summarized many of the fundamental theorems for analytic questions 
of this type. 
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58, The quasi-linear equation of order r in n independent variables is: 


(58.1) 2 


: X. - ®ii» • •• •‘*1)^ S-JU- 

11 r ^ ii 


-- ^ g(xi. 

where g involves derivatives of order less than r. When a, a n / and all 

r|Vy...yV 

a*s and f are of class A®, theorem 56.2 will insure the existence of a local 
solution to problem I. For non-analytic coefficients, we have results for 
n ■ 2, (See Courant-Hilbert, 138-141 for terminology of characteristics as 
applied to equations (58.1) - no existence theorems) Here the equation is 

(58.2) E ,.,,(x.y) |!ji + g(x,y,i....) = 0 

As in the two variable case, we call 

(58.3) ak.r.k^^-y^ ' ° 

the characteristic equation of (24.2). At a particular point if the 

characteristic form S aj^ has r real linear factors, then the 

equation is called hyperbolic and the characteristic equation can be written 
n 


(58.4) n (n: y' . x') = 0 

J J 

Each solution of this equation through P is called a curve \kith a character* 
istic direction at P^; there are at most r such directions. If the equation 
is hyperbolic in R, - that is, at every point of R - then the solutions of (58.4) 
y - <Pj(li;xo,yo); x = Vj(^l;xo,yo) 

are called the characteristic curves of (58.2). If all the factors are distinct, 

k r-k 

the equation is called totally hyperbolic in R. If 2. aj^ ttg is a de¬ 

finite form, so that it has no real linear factors at P° or in a region R, then 
the equation is called elliptic at P° or in R. Finally if in the factored 
form there appear less than r factors, then the equation is called parabolic 

at P^ or in R. (Sometimes, corresponding to (58.4), the equation (58.2) is 

n 

found in the literature in the symbolic form .H (n-^ - £*S_)u+g * 0. ) If it 

"^ax ^ay 

is known that a^^ f 0 throughout R, then each T\j can be taken as 1 in (58.4), 
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When the coefficiMits *k»r-k constants, then the char¬ 

acteristic curves are the straight lines: 
r\j y-5j X ■ const. 

the particular curves through any point (xoiYo) being: 
i^j(y-yo) * £j(x-xo) 

If r * a+t, and all * 0 except f 0, then we can write 

the equation as: 

(se.s) 2!1\ . .. , 

_ ' IR, • • • 

Ox Oy 

The characteristic equation becones: 

(.x')*(y')* • 0 


80 the characteristic curves are: x “ const, and y • const. When r > 2, 
this equation is not totally hyperbolic, since the characteristic roots are 
not distinct, but Zwirner^ proved the following analogues of the Goursat 
problem: 

THEOREM 58.1:Let f be a continuous function with |f(x,y,0,...,0)| _< 1-iC (k-1) 

N 

for (x,y) inR: a£x5b, c£y£d and let f satisfy a Lipschitz condition: 

|f(x,y,- f(x,y,»,...)| < L? .|*j- - 

x.J J J 


where 


L < K ? . 

(a-i)! (t-j)! 


Let the following two systems of characteristics in R be assigned: 

X • xj (i*l,...8) for a £ X £ b ; y “ yj (j*l,...tX for c £ y £ d 
Then there exists a unique function 9(x,y) in R such that z ” ^(x,y) satisfies 
(58.5) in R and such that: 

9(x£,y) ■ 0 for c £ > £ d; 9(x,yj) * 0 for a £ x £ b. 


The proof is based on a functiotit>] theorem due to Graves and Hildebrandt, of 
the same character as Schauder’s theores.. In an earlier paper, he established 
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the existence of a solution such that <P(xoiy) and its first s-1 deriva* 
tiTes assumed prescribed yalues on x * xo while <p(x»yo) and its first 
t-1 deriyatives assun.ed given values on y * yo« 

Mangeron^ considered a special case of (58.5), where 8*t”2, 
obtaining a result like that of the above theorem, but using the method 
of successive approximation beginning, as in section B of chapter 3, with 
the solution of 

—- ■ 9(x,y) 

Bx By 


F. Bureau, in a succession of papers, the last of which concerns: 


§3E’ iy’ ii’”*' “ g(x,y,*,...,t) 

where f is a form of degree n, with constant coefficients, obtains solutions 
of the problem of Cauchy for totally hyperbolic equations, given the initial 
data on the plane t ” 0. He does this by extending the method of Hadamard, 
used for second order linear equations, first to a simple fourth order case 
and then generalizes it. 

Rosenblatt^ has considered solutions of: 

Mu F(x,y:u,n,,Uy,u^^,u,y,Uyy) 

where a Lipschitz condition holds for F; Picard successive approximations 
used. He also considered (Rosenblatt. ) 


(58.6) 

where the left side is: 
solutions of: 



so that the characteristics 


are 


(y'" + x'*)" - 0 

that is, 

y i ix ■ constant 

Then if the values of u and its normal derivatives up to order m-1 are given 
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oil the circumference C of a circle with center at the origin and radius 
B, he proved that there exists a solution of (58.6) inside the circle 
which approaches these values as u approaches the boundary, provided F 
is contiiiucus in K-f-C and satisfies a certain generalized Lipschitz con¬ 
dition there, and certain inequalities of Holder type hold. 

Winants^ showed that if f(x,y,z,p,q,s) is a function of class in 


D: 


[: 


0 < X < «; 
0 < y < *: 


Ul < H; Isl < s 

Ipl 1 P; Iql i Q 


and if f satisfies h Lipschitz condition 

|f(x,y I *1 #Pi »<!i 18 i ) - f(x,y, Z 2 , pa I qa . S 2 ) I 1 ki |zi-Z 2 | 

^ k 2 I Pi-pa I kalqi-qal k4|si-S2l 

then there exists a function 9(x,y) such that z * 9(x,y) is a solution of: 

* f(x,y,z, Sz, 2I1-) 

0x 0y 0x0y 0x 0y 0x0y 

and such that 


z • 2j6 = 0 X * 0 for X ® y. 

0X ^ 

(By Picard method of successive approximation.) 

Winants^ also found a solution of the same equation, under the 
same hypotheses, with the boundary conditions: 

^9(x,0) ® 9i(x) 

(58.7) ^ 9 ( 0 ,y) • 9aVy) 

9xt(^iy) ” k(y) 

where 9i(0) * 92 ( 0 ) and 9i^(0) * X(0), provided 9 i, 92 » X are of class A*. 

59. The linear equation in n variables was considered in detail by Gevrey^: 
(59.1) J. Z «, , (xi.x„) A .. • f(xi.x„) 


k*0 


X,...1- 


0Xi 


when the coefficients were analytic; he obtained a solution to the problem 




of Ctuchy, when the data was analytic. F, John^ considered question of 
uniqueness in a paper where he stated the solution of the Cauchy problem 
as follows: 

Let S be a surface which is the image of an open (n-1) ciir.eiisional full 
sphere under a non*singular analytic transformation, and let no normal to 
S have a characteristic direction -- one whose direction numbers 
satisfy 


I 



0 


(ii+..+i^“r) 


Let the values of u, 

aN 



be prescribed on S, where ^ is the 

aN 


normal derivative. And let these values, as well as the coefficients of the 
equation, be analytic. Then for any closed subset Z of S there is a neigh¬ 
borhood of Z in the (xi,...,Xj^) plane in which theic exist.s and is uniquely 
determined a regular analytic solution of (59.1) assuming the prescribed 

initial values on S. 

Picone^, in a paper 1 have not seen, considered the same equation, 
and by using a Green's formula and an operator, reduces the problem to one 
which can be solved by successive approximation. 

For the important equation: 

(59.2) aAAu + 2BAu+Yu=0 

Bremenkamp^ proved the following theorem for the analogue of the Dirichlet 
problem: 

THEOREM 59.1: Let C be a closed curve without double points and a definite 
tangent at each point; let u and either Au or ^ be given at each point on C 
Let have the same sign at all interior points of C. Then there exists 

a unique function u satisfying (59.2) in the interior of C and assuming 
assigned values on the boundary. 
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Other special thinl and fourth order equations have been con¬ 
sidered; the hypotheses vary, but usually the problem is reduced to one 
of those previously solved, or else a straightforward ^olution is obtained 
by the method of successive approximation. Germay* extended the method 
of Riemann to special kinds of fourth order systems which are generaliza¬ 
tions of second order hyperbolic systems. Theodoresco^ also took special 
kinds of homogeneous fourth order linear equations and found elementary 
eolations, F. Bureau^ considered the problem of Cauchy for 
Dii u - F(xi ,xa ,xa ). 

where IL ■ aa - ai Sl ,.. - aa Sl ^ 

Oxa ^xi Oxa 

(a£,b£ constant; 

DL " b. a!_y - bi al - ba ^L- 

9x8 9xi 9xa 0<aa<aa^ai, 0<bi<ba<b8). 

A special kind of linear equation which can be attacked by the 

same means as those used for parabolic equations (see papers by Rothe 
cited in III, G) is 

(59.3) .2^ Pi(x) ,a!Lj» “ + Bujt 

‘ dx"*^ 

with initial forditions: 

(59.4) u(x,0) ■ a(x); u^(x,0) ■ P(x) (aix5.b) 
and boundary conditions: 

(59.5) L.(u) - 0 (t>0) 

where is a linear form in u(a,t), u^(a, t), • • •, > u(b,t),..., 

u ||•l(b,t)• When u ” X(x) T(t) is substituted in (59.3) the resulting 
equation splits into two ordinary equations; (setting each factor ” X 
first); then the Sturm-Liouvil1e problem for the nth order ordinary ewua- 
tion in x is solved. See, for example, Tsmarkin and Feller^, pp. 65 ff. 
(In the same book, pp. 58-60, there are statements concerning equations 
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similar to (59.3) except t\n>t the right hand side is {(x,t).) The conditions 
for solution are reducible to conditions that the Sturm-Liouville problem 
have a soJuti^on. (L(u) must be I f-adjoint, etc.) 


S. Bruk considered parabolic systems of equations: 


hi ■ 2 


9t 


•ij 


d Uj_ 




2 Bij(t,x) 3%. 


ir 


_ ■♦■f^Ct,x) (i*l,. .r 


axi \..ax„ " 


be reduced the problem to a system of intre^^^j n-differential equations whicli 
he solved by successive approximations; he also obtained fundaments' solu¬ 
tions. 

60. The linear equation with constant coefficients can be written in one of 
two ways: 

(60.1) 2 2 A » f(x,y) 

r*0 s*0 ^ p-r q-s 


dx^ dy 


n-1 


^n-1 


k-o '"k ' k-o '-i.k l-einTH ' 

Ox Oy ox oy 

The second form enables one to see more readily the characteristic form: 

^ k n *k 

PUi.aa) • ,2 a K «! Ot. 
k*0 

B/ section 58, if this foim can be factored into linear factors (real or complex) 

n 

P(ai.a2) * i\ ai + 

then the characteristic curves through any point (xoiyo) are the straight lines 
tlk (y-yo) ® ^^(x-xo) 


T^k y-^k* “ constant 

If there are b>2 chaructisties through any point, they are said to be ex¬ 
cessive in number; if b " 2, they are sufficient; if b<2, they are deficient. 
(These terms can be used for any number of independent variables). When b*2. 


the transformation 
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X “ ni y-5i X , y “ ^2 y -£2 x (ni f 0) 

will reduce (60.2) to (60.1) with Aqq 0. (If we started with 60.1, with 
^0 “ method could be used.) Then, the characteristics 

are just: 


X * constant, y * constant 
For the particular case of the homogeneous equation 


(60.3) 




MacDuffee found a recursion formula for getting all of the polynomial solutions 
Ohe can verify that a solution of equation (60.3) will always be of the form: 
(60.3a) I - F^(nk y-Sfc x) 

where F]^(t) is a function of class . Indeed, if the characteristics are 
distinct, this is the general solution, and can be used to solve any particular 
boundary problem for this equation. 

T. Chauncly^ has given a theory of the general equation (60.2) when 
f(x,y) ” 0. As we have seen, this can be reduced to (60.1) with non-zero 
leading term, provided there are exactly 2 characteristics through each point. 


* 0 where Aao ® ■*■!. 


That is, for b”2, he considered: 

p q ^ 

(60.4) 2 2 A gP - Q Aqq = +1. 

r®0 s“0 p-r q-s 

9x 9y 

Since this is a generalization of Biemann’s equation 

+ aSl'^b2L2l'*‘cz®0 

9x9y 9x 9y 

it can be studied by analogous methods. The adjoint equation would be merely: 

(60.5) f I A„ (-I)'*’-'- ■ 0 

x-O .-0 '■ 

so that if z * V(x,y) is a solution of (60.5), z » V(-x,-y) is a solution of 
(60.4), or more generally V(X-x,Y*y) where X and Y are constants. 

The fundamental eolation U(x,y;X,Y) is a solution of (60.5) when (x,y) 
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are the variables and (X,Y) the parameters, a solution of (60.4) 
when (X,Y) are the variables and (x,y) the parameters, and which 
has certain values on characteristics x * X, y » Y. Define: 


0(x 


. - « R+P-l S+q-1 / ^ 

,y) : 5. T! X y _ 11 Z 


t(r,s) 
rs_ 


(R+p-1)!(S+q-1)! r,s t(r,s)! 
where S is taken as a multiple sum over all negative integral values 
of every t(r,s), U* omits the terra (0,0) and 


R = E* rt(r.s), S = 2* st(r,s), T = 2' t(r,8) 

r,s r,s r,s 


where again the term (0,0) is omitted in sums. Then 0(0,x) * 0(O,y) * 0, 
and indeed 0^ q (0,y) = 0 for m < p-2 while h(y) = satisfies: 

q * P’ » 

(60,6) 2 Ao 3 d5h_ = 0 

s*0 dy*l"® 

00 ,^(x,0l * 0 for n < q-2 and0o q.l(x,0) satisfies an analogous equation to (60.6) 
and 0|^ jj(0,0) = 0 for m < p-1, n < q-1 unless m = p-1 and q =* n-1 whence 
0p^l q.]^(0,0) = 1. Then we define the fundamental solution 
U(X,Y:x,y) = (p(X.x,Y.y). 

We now can state the following result: 


THEOREM 60.1: 

Let g^(x) (n=0.q) and h^(y) (X=0,...,p) be given functions 

of class and AP respectively. Let (g,T\) be given numbers and g^"")(S) 

n 

= hJ||*'^(T)). Then there exists a function (p(x,y) which satisfies the 
differential equation (60.4) and such that: 

and ^X,0(^.y) " 


(n* 0 >..*fP**l» X—Of.^^tq*!) 
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It is given by the formula: 


tfix.y) ‘III {.A„) 2 

g r“0 ••0 n*0 dtP*^ 


P-1 q 


‘^O.q-s-n-l (*-t.y-n) dt + / Z Z (-A„) 

^ r *0 8*0 

^ ^ Vr-m-l.O y-‘) «“ 

m-0 dt^ * 

P-1 q-1 P-r-1 q-s-1 

* ^ 2 (-A ) 2 2 ^ gn(^) 

r*0 8*0 m*0 n»0 dt® 

‘^p-r-m-l,q-8-m-l 

In the above formulas, the prescribed values of 9 and its 
derivatives are given along constants x * £, y * through (E,r\), If 
the prescribed data is given on an arbitrary curve C, which is inter¬ 
sected by the characteristic Jx * X in the single pointJ(X,r\) then if 

\(gj 


ristic ^ 


y - Y 


we write q)(x,y) * F(X,t^) + G(S,Y), the solution will be 

(X,n) 

(60.7) (p(x,y) ■ X t(Fx-Gx) * (Fy-Gy) dy] 


+ % [F(X.n) + G{X.n) + F(g,Y) + G{g,Y)] 

where integration is along C, and F, G, F^, G^ are given in terms of the 
fundamental solution and prescribed values of qp on C. 

In a second paper, Chaundy^ discusses the case in which there 


are excessive characteristics.(b>2) 

Various special linear differential equations with constant 

coefficients have been considered. Problems analogous to Dirichlet and 

Neumann problems can be solved for the biharmonic equation 

Mu * 0 (A ■ 9® + ) 

9x^ V 
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Schroder gave a comprehensive discussion of both the ** exterior" and 
** interior" problems in 2 and 3 dimensions, establishing existence and 
uniqueness of functions which are solutions inside a region and take on 
prescribed values, together with first derivatives, on the boundary, under 
rather special restrictions on the type of boundary that can be used. His 
method was to replace the single equation by a system of equations and then 
use integral equations. Bergmann reduced the problem to a consideration 
of A u = 0, by letting 9(2,2) " V(x,y) where x-*'iy * 2, x-iy “ z and consi¬ 
dering the corresponding equation in z and z. Aronsajn and Weinstein^ con¬ 
sidered AAu + Xu ® 0, which they solved by using a succession o'* " interme¬ 
diate’* problems. Difference equations have been applied by Waschakidze 
and Courant, Friedrichs, and Lewy^. Southwell^ and others used his relax¬ 
ation methods. A. E. Green^ used an expansion in (’t>uble Fourier series to 
get a solution in the inside of a rectangle which assumed, with its first 
norms] detivatives, the values 0 on the boundary. (This does not exhaust 
the papers on this tequation, but gives some idea as to methods.) 

The equation 



has, as was shown in section 58, only two distinct for/iilies of characteris¬ 
tics - the iniaginaiy lines: 

y i ix * const. 

Hence although this is of the form (60.3a) the solution F(y-ix) ^ G(y+ix) 

is not the general solution. An existence theorem does follow from 

Bosenblatt’s theorem, given in section 58 - indeed in its proof, he began 

with this case. Rremenkamp^ proved first the uniqueness, and then the 

k 

existence of a solution of A u =* 0 inside a closed curve C, if u and its 
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first k-1 normal derivatives are prescribed on the boundary, provided 
that certain ** regularity" conditions hold, and the boundary is of a 
certain kind. He also shoived that such a solution can be written as a 
sum of solutions of the corresponding problem for k”l. 

Vecoua^ considered the equation 

k i 

A « + .2^ au . A “ « 0 
i*0 * ^ 

and obtained an elementary solution by reducing the problem to a simpler 
one for u(s,z) as did Bergmann above. He also showed that all real roots 
of this equation can be represented: u * 2 where each 

fQ(r)^^(^) is a particular solution. 

Cimino^ found an explicit formula, in terms of spherical 
harmonics, and then established the existence of the solution of the 

ffl 

Cauchy problem for A u “ 0 (where Au * '^xx^'^yy^^zz* then is trans¬ 
formed into spherical coordinates p, <^, 0) in the interior of a sphere, 
given the Cauchy initial data on the sphere p ■ r. Columbo^ solved a 
problem of ^oursat for: 


[a. + X a-1 [2^ + a.] 2 !jl. * 0. 

9x 9y 0x ay BxBy 

For third order equations, Sjostrand^ solved various problems for 

2 _ (a!, + aL)«- o. 

Qx Qx ay 

Winants considered, in a series of papers*, the problem of Cauchy for 


a*| . ^ 

ax ay axay 


T 


0 


A ali B a*z + C a*z + ■ f(x,y). 

a7 a7^ ay 


and for 
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Rellich considered solution of 

- au * f(x,t) 

3x 0t 

such that 

u(x,0) * U)(x) (0 1 X < 1) 

u(0,t) = (p(t) (t > 0) 

u(l,t) = w(t) (t > 0) 

(where w(0) ■ \|^(0) and w(l) * <p(0)) by setting, up a fundamental solution 
U(x,t;S|T) and then writing 

U(x,t) =■ /* U(x,t:fi,T) drdf. 

The solution exists if f(x,t) is continuous in 0 < x £ 1; (i)(x) 

0 < t 

is of class on 0 £ x £ 1, and 9(t) and are continuous for 0 £ t. 


61, The genera] equation in 2 variables of order r is: 

i4- 

(61.1) F(x,y,a, ... 9__ x ) * 0 

0x 0y 

where F(xiy, z,qio i • • • > * • • • > q^o* * * * *%r^ ® function of cJass A in U. 

Friedrichs and Lewy^ called such an equation totally hyperbolic if, setting 



has exactly n real roots at all points of the region U. Then the 
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characteristic equation 

■ Afr-k <T')N-k-)'-'‘-C 

k-0 ' 

it satisfied by exactly n Yslues of yVx', which are called characteristic 
directions. In the neighborhood of any point, a linear transforniation can 
be made so that neither x * 0 nor y * 0 ia a characteristic direction, and 
hence both Fo and F|^ will be different from 0. 

By reducing the solution of the problem to the solution of n 
first order differential equations, they claim to have proved the following: 
(I think the theorem ia correct, but as has been pointed out, the proof is 
incorrect) 

Let Co*. X ” x(t), y ” y(t) be a curve which is nowhere tangent 
to a characteristic direction and let z(t), qio> (t), • • • ,q£|^(t), •. • ^Q^Ct), 

be given so that all of these have bounded third derivatives; let F have 
bounded derivatives of order 4 in a region U containing S: x ” x(t), 
y* y(t), s(t), a a .q^l^(t), a a a [tcX] , and suppose that S is an integral 
strip; that is, for each point P of S, 

F(x(t),y(t), a a a ,q£|^(t), a a a ) * 0 

Fi(t) - ^ y'(t) (Fj(t) - 

Ft'<t) “ 

a a a a 

'1-1 * '-■.r 


(« 1 . 2 ) 


Fo Fl a a a Fjj 

x' y' a a a 0 

o' x' y\ a 0 


f / 

x y 
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Then there exists a unique function 9(x,y) which is of class A in 
a region B containing Co» which satisfies (61.1) in R, and such that 
along Co 

9 i (x(t),y(t)) ■ (t) 

x y 

Fhrtherinore, the Tslues of 9(xiy) at a point P depend only on the Talues 

of S on the part of C contained between two (external) characteristics thru P. 

Cinquini-Cibrario^ considered the sane equation, but 

she began by setting up the equations for a characteristic strip. Let 

\ (p) * 0 hsYe n distinct real roots If S: s*9(x,y) were an 

integral surface, each equation: jdy ” P^ would determine a curre y”y(x) 

dx 

which one could'^flill a characteristic curve on S. But then y(x), z(x),... 
wott|4 need to satisfy a certain set 2 of ordinary differential equations, as 
in the one yariable case. Then these equations, regardless of whether there 
is an integral surface, are called the characteristic strip equations, and 
any solution of them a characteristic strip. One can show that F is con* 
stant along such a strip, so that if F * 0 at an initial value, it is 0 
along the strip. For a given initial integral strip which is non-character¬ 
istic, a unique integral surface is determined. When the given strip is 
characteristic, there are infinitely many integral surfaces containing it, 
provided the functions y(x), z(x),.. • ,q£|^(x), •.. are of class A with second 
derivatives satisfying Lipschitz conditions. The existence of the solution 
of the system on which this depends is shown in another paper . 

Lediiev^ considered the solution of a generalized Cauchy problem 
for systems (56.1), relaxing somewhat the requirements of analyticity - 
f^ and 9^ need only be continuous in some variables. 
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